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Calibration of Accelerometers 
By Samuel Levy, Albert E. McPherson, and Edward V. Hobbs 


This paper describes three accelerometer calibrators 


These calibrators were developed 


to provide a convenient means for calibrating lightweight accelerometers of the types used 


for measuring accelerations on airplanes in flight 


The first calibrator is a shaking table 


having a sinusoidal motion with frequencies of 20 to 110 cycles per second and accelerations 


up to SO gravity; 


the second is a portable calibrator producing a known pulse of accelera- 


tion with a peak value between 1 and 20 gravity; and the third is a centrifuge, which de- 


velops a maximum steady acceleration of about 1,000 gravity. 


I. Introduction 


Accelerometers of the types used to measure 
accelerations on airplanes in flight consist of a 
Damping 
is frequently used to limit the response of the 


mass mounted on springs inside a case. 


accelerometer at its resonant frequency. The 
mass is usually guided to make the instrument 
sensitive to accelerations along one line only. 
The output 


mechanically for some of the larger instruments. 


of the accelerometer is recorded 
For most of the smaller instruments the output is 
in the form of changes in an electric circuit, 
which are recorded on an oscillograph, an oscillo- 
scope, or a pen-and-ink recorder. In the working 
range, the indicated response of the accelerometer 
is nearly proportional to the applied acceleration. 
The factor of proportionality is defined as the 
calibration factor. 

Errors can arise in the accelerometer indication 
from several sources The primary source of 
error is variation in the output with the frequency 
of the applied accelerations. This may be due to 
lrequency effects in either the accelerometer itself 
or in the associated recording circuits. Second- 
ary sources of errors are (1) nonlinearity of output 
with variation of applied acceleration at a fixed 

ieney due to “stops” that are not properly 
faulty design, and (2) response to accelera- 
ipplied in a direction transverse to the axis 
accelerometer due to misalinement of the 
ment or inherent design characteristics. 
calibrators described in this paper were 
ped for the Bureau of Aeronautics, Navy 
ment, to give information on the calibra- 
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tion factors and on the magnitude of errors in 


accelerometers intended for airplane use. 


II. Sinusoidal ‘Shaking Table” 


The “shaking table” calibrator was intended to 


determine errors in calibration factor due to 


frequency effects. For this purpose it was essen 
tial that the table have a nearly pure sinusoidal 
motion with a minimum of harmonic distortion 
over a wide frequency band. 


Figure 1, Sinusoidal shaking table for calibration of 


accelerometers 


359 





The shaking table is shown in figure 1. It 
consists of the carriage, A, to which the accelero- 
meter is fastened, and means for shaking the 
which includes an eccentric disk, B, 
riding with the carriage and a 1/2-hp 8,000-rpm 
115-v a-c-d-c series motor, (, for rotating the disk 


carriage, 


over a wide range of speeds. 

The carriage, A, weighing about 1.2 lb, is guided 
in a nearly straight line in a horizontal direction 
by flexure plates, D. The stiffness of these flexure 
plates determines the natural frequency of vibra- 
tion of the table and, therefore, sets a lower limit 
to the speed range of the table. The natural fre- 
quency of the flexure plates, considered as plates 
clamped at both ends, determines an upper limit 
to the speed range of the table, beyond which un- 


























Ficure 2. 


Part numbers refer to shop detail drawings (detail drawings ay 


desirable high-frequency vibrations appear in the 
acceleration output. Four pairs of flexure plates 
are provided for operating the table over four 
speed ranges. The table is driven well above its 
natural frequency in order to make the amplitude 
insensitive to small variations in the speed of the 
driving motor. Extraneous high-frequency accel- 
erations due to bearing noise are minimized by 
holding the eccentric disk, B, in a relatively long 
plain sleeve bearing having a clearance of the order 
of 0.0003 in. in preference to any multipieced 
bearing. Ball bearings previously used in similar 
equipment were found to introduce high-frequency 
accelerations corresponding to the passage of each 


ball. 
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The table is isolated from building vibration by 
14-in. rubber shock mounts, Z, and from vibration 
of the driving motor by a '-in.-thick sponge-ryb- 
ber shock mount, F. In order to prevent coupling 
between the vibration of the carriage and any 
nearby flexibly supported masses, the mass of thy 
supports, 4/7, was made much larger than the mass 
of the carriage, A, and the shock mounts wer 
chosen to make the natural frequency of the sup- 
ports M less than 5 e¢/s. 
@, are used to keep the assembly in belanc 
Figure 2 is an assembly drawing of the shaking 
table. 

The drive belt, 77, between the pulley, /, and 
the disk, B, figure 1, 
No. 30 cotton thread. 


Pieces of sponge rubbe: 


is a taut single strand of 
It was found that the smal! 


1s 











O 





Assembly sheet, shaking table. 


silable from National Bureau of Standards upon request 


knot in this thread had no noticeable effect on t! 
acceleration applied by the table. 
The eccentric masses, P figure l, are standal 
-in. bolt-nut combinations when large amplitudes 
are required and are replaced by specially ma 
small amplitude is required 
The masses are attached to disk B without se! 


masses when low 
screws, since they show no tendency to vibrat 
loose on the rotating disk, B. 

1. Operation 


The accelerometer to be calibrated is attached 
to the carriage, A, figure 1, with its center |ine oD 
the center line of the carriage. 

The maximum acceleration of the cari 
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the accelerometer attached to it is computed 
the formula for harmonic motion, 


Ss \ 
a= 14.29 ( aaa) ?: (1) 


peak acceleration 
g=acceleration of gravity 
S=frequency in cycles per minute 
))=double amplitude in inches. 


The frequency of vibration, S, is measured with a 
stroboscopic tachometer. The double amplitude, 
D, is measured by observing the extreme positions 
of a bright spot on the carriage through a sta- 
tionary telescope having a reticule graduated to 
0.01 in. Excellent definition of the extreme posi- 
tions of motion was obtained by observing a bright 
0.001-in. wire, A, figure 1, illuminated from the 
side. Good contrast was obtained by placing 
this wire across the narrow slit in the dull-black- 
paper box shown at L, figure 1, and illuminating 
the wire from a point to the side and slightly 
below the slit. 
measurement of the double amplitide to +0.001 


This measuring system permitted 


in 

The amplitude of vibration of the carriage is 
changed by changing the magnitude of the eccen- 
tric J, in disk, B. This is done either by bolting 
a single mass of suitable size through a hole in 
the disk or by bolting a pair of equal masses, .V/, 
The effective 


of such a pair of masses 


through a pair of holes in the disk. 
inbalanced mass, m, 
depends on the angle, @, subtended by them at 
the center of the disk and is given by 
m=2M cos A 
The bearing in disk B is lubricated with light 
spindle oil applied to the felt washers at the ends 
of the disk bearing before each calibration run. 
Large accelerations at high speeds must not be 
applied to the carriage, A, for too long t period, 
as they may overheat the bearing, with resulting 
permanent damage to the close fit of the bearing. 
building up of excessive amplitudes at 
ince is avoided either by holding the car- 
by hand at the resonant speed or by passing 
through the resonant speed. 
mtinuous calibration as a function of fre- 
is obtained conveniently by recording the 
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accelerometer output on an oscillograph equipped 
with a time trace. The output of the accelerom- 
eter being calibrated is recorded as the shaking 
table is allowed to coast down from an initial 
frequency, Sy, and double amplitude, Do. In 
this case, the frequency, S, while coasting, is 
obtained directly from the record, whereas the 
corresponding double amplitude D is computed 
from 
— S/S)? 


] 
) ) , 3 
D=Dy, S282 (3) 


where S, is the resonant speed of the table. The 
peak acceleration at any speed, S, is then com- 
puted by substituting S and D in eq. 1. 


2. Range 


The double amplitudes obtained during calibra- 
tion of various instruments with the table are given 
in figure 3 for each of the four sets of flexure plates 
and for two or three effective eccentric weights, m, 
in each case. It will be noted that the amplitude 
with a given set of flexure plates is not exactly pro- 
portional to the eccentric weight, m, used. The 
reason for this is that the basic weight of 1.2 |b 
of the table is substantially increased by the 
masscs, m. The increase is greater when a pair 
of equal masses, .f (eq 2), is used to give the 
effective mass, m, than when a single mass is used. 
The effective eccentric weight used for a given 
double amplitude varied also with the weight of 
the instrument being calibrated and with the fre- 
queney. The largest double amplitude obtained 
was 0.44 in., figure 3,a; the highest frequency was 
117 c/s, figure 3,c. 

The curves of double amplitude versus frequency 
in figure 3 were converted into the curves of peak 
acceleration versus frequency, figure 4, by sub- 
stitution in eq 1. The largest acceleration ob- 
tained was 81 g, figure 4,b. 

A typical record of acceleration of the carriage 
as a function of time, obtained with a Statham 
accelerometer, is shown in figure 5,a, and with an 
NBS vacuum-tube accelerometer,’ is shown in 
figure 5,b. It is evident that the curve of accelera- 
tion versus time is nearly sinusoidal. 

The acceleration-time curves were practically 
sinusoidal for all test points shown in figures 3 


Walter Ramberg, J. Research NBS 37, 391 (1946) RP17M 
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Ficure 3. Displacement amplitvde vs. frequency for sinu- 
soidal shaking table (m=effective eccentric weight). 
a, 0.030-in. flexure plates; b, 0.037-in. flexure plates; c, 0.053-in. flexure 
plates; d, 0.064-in. flexure plates 
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Figure 4. Acceleration versus fre quency for sinusoidal 
shaking table (m=effective eccentric weight). 
a, 0.030-in. flexure plates; b, 0.037-in. flexure plates; c. 0.053-in. flexure 
plates; d, 0.064-in. flexure plates, 
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FIGuRE 5. Ty pical records from acce le rometlers ¢ 


soidal shaking table. 


a, Statham accelerometer, frequency 31 ¢/s, acceleration amplituc 


6, NBS vacuum-tube acceleration pickup, trequency 31 e/s, accek 
plitude 6.2 g. 


and 4. It was concluded that the shaking tabl 
was capable of applying sinusoidal accelerations 
to accelerometers weighing up to 0.5 lb over 
band of frequencies between 20 and 110 ¢/s 


III. Portable Calibrator of ‘‘Pulse’’ Type 


The portable calibrator of the ‘“pulse’’ type was 
designed for use in the field, where it might 
necessary to determine the calibration factor fora! 
accelerometer and its associated electrical circuits 
just before or after a test. A single spring-mas 
combination is sometimes used for this purpos 
however, it has the disadvantage of subjecting 
the instrument to a suddenly applied accelera- 
tion, which tends to produce resonant respons 
the instrument and thus prevents it from indicat- 
ing satisfactorily. In the portable calibrator 0! 
the pulse type, the acceleration increases gradual) 
from zero to its maximum value. 

The calibrator, figure 6, is essentially a thr 
mass system consisting of a relatively heavy mass 
M,, and two relatively light masses, .W, and Vf 
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Ficure 6. Portable calibrator of *‘pulse’’ type for high- 


fre quency acce lerometer. 


The light mass, VW, is flexibly supported by mass 
\,, and mass .M, is flexibly supported from \/. 


lhe acceleration pickups are attached to mass M). 


They are subjected toa definite pulse of accelera- 
tion, rising smoothly from zero when mass .V/, is 
suddenly released from a deflected position. 

The three masses are connected by double 
flexure plates A and B. Double, rather than 
single, flexure plates are used, since they prevent 
rotation of mass M2, thereby subjecting all accel- 
erometers on M, to the same pulse of acceleration. 
The position of M, relative to M,, before release, is 
tontrotled by the point of engagement of the pawl, 
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(’, with the seven-position ratchet, D. The cable 
support, /, is provided to secure all except the 
last few inches of accelerometer cable to the heavy 
mass, ./;. The whole calibrator is suspended on 
the wires, F, which provide an effective shock 
mount with negligible damping. 

Mass .M, is released by drawing the pawl, C, 
with the release wire, @, which is guided to mini- 
mize its effect on the motion immediately after 
release. 

An assembly drawing of the calibrator is given 
in figure 7. The calibrator was originally built 
for the calibration of vacuum-tube acceleration 
pickups (see footnote 1), and it is equipped with 
special clamps for mounting the unmounted pick- 
It has an additional mounting 
figure 7, part 25, 


ups on mass VM). 
table, 
pickups. 


In assembling the 


for attaching other 
calibrator, all bolts are 
tightened as much as possible to reduce mechanical 
damping to a minimum and to insure that no joint 
will lift clear during vibration, thus causing non- 
linear behavior. 

Distance <A, 
release pawl engages the lowest 


figure 7, is chosen so that the 
tooth on the 
ratchet when the calibrator is hanging vertically 
and the springs are pot bent. This distance is 
about 3.0 in. 

Distance B, figure 7, is chosen so that the release 
pawl fully engages the highest tooth on the ratchet 


when the flexure springs, part 14, are not bent. 


> 


This distance is about 3.3 in. 
Distance C’, figure 7, is chosen so that the hole 
in the trigger lock, part 15, engages a No. 6-32 
filister-head screw in the side of the upper trigger 
block, part 13, in such a way as to hold the pawl 
out of contact with the ratchet during vibration 
of the calibrator. A thin piece of rubber is placed 
between the trigger lock and the upper trigger 
block to cushion the closing of the lock and thus 
prevent the setting up of undesirable high-fre- 
quency vibrations. The offset distance, C, be- 
tween the center of the hole in the trigger lock and 
the center of the filister-head screw in the upper 
trigger block is about 0.1 in. when the pawl 
engages the lowest tooth of the ratchet. 
Distance D, figure 7, 
of the calibrator hangs vertically from the sup- 


is chosen so that the base 


port wires when the release pawl engages the 
tooth of the ratchet. This distance ts 
about 0.5 in. 


lowest 
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Suspension wire, 
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Melease wire 











Asvrembly sheet, pulse calibrator. 
detail drawings available from National Bureau of Standards). 
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Released from tooth 


bictet S. Calibratior of pulse-ty pe calibrato using 


racuum-tube accelerometer 


Distance £, figure 7, is chosen so that the line 
of action of the trigger release wire is in the same 
wires. This distance is 


plane as the support 


about 3.1 in. 
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1. Operation 


A convenient method of using the puls 
brator is as follows. 

Attach support bracket //, figure 6, to edy 
table by means of the C-clamp and suspend 
brator by inserting bar J in the bracket as s! 
After checking that the calibrator hangs vy 
and clear of obstructions, it is removed fron 
support bracket so that the accelerometers : 
be more readily attached to mass M2. Anv ¢ 
connections to the accelerometers are att 
about 6 in. fron 


to the clamp, /, figure 6, 


instrument. The calibrator is again suspet 
and “cocked” to the desired notch. Whe 
calibrator has come to rest, the pulse can | 

ated by means of the trigger wire, G. 

A typical acceleration-time curve for th 
brator is shown in the insert in figure 8. \Los 
the acceleration is produced by vibratio: 
calibrator in its two principal flexural modes 
frequencies of about 12 and 30 e¢/s. In addit 
there is a small superimposed acceleratio 
about 250 ¢/s due to vibration of the springs 
their fundamental mode as bars clamped at 
ends in the masses, 1f,, \%,, and Ms. 

The nominal pulse of acceleration ts 
that produced by the two low-frequen: 
only. It is obtained from the trace of 
tion versus time by fairing a curve thr 
mean points of the high-frequency oscilla 
was decided to remove the high-freque: 
ponent in this manner as the calibrator ts 


primarily to check accelerometers, whw 
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celerations with a frequency up to 100 
r second but need not record accelera- 
ha frequeney as high as 250 c/s. 
second peak of the acceleration-time curve 
S insert) is taken as the calibrating accel- 
Calculation of the motion of \/, on the 
ion that 7, is much larger than 17, or M,, 
at the spring joining ./, and MW, has the 
‘iffness, &, as the spring joining V7, and AV,, 
that the acceleration of VM, is given by 
I 


d gM3+ Mz 8 At 


cos Bt), (4) 
acceleration of AM, 
initial deflection of MJ 
I: 
2ALM 
: I 
BoM 


VW.4+-2.M,)+ y M2+ 4M," 


M+-2M)— \ M24 4M 


When AZ, and A, are nearly equal, eq 4 shows 
that for the second peak, the phase relation of the 
two principal modes is such that a small change 

the mass of \/,, corresponding to a change in 
the mass of the instrument being calibrated, causes 
i change in the peak acceleration, which can usu- 


ly be neglected. 
2. Calibration of Calibrator 


The acceleration of VV, at the second peak in the 
cceleration-time curve for release from a given 
tooth on the trigger ratchet may be determined 
with a vacuum-tube accelerometer (see footnote 

as a secondary standard, using the following 


prove edi re: 


The accelerometer is subjected to a l-q 


in acceleration by attaching it to a heavy 
The out- 


for three consecutive releases of the heavy 


mass, which is then suddenly released. 


. recorded, 
ng the same recording equipment, the 
meter is then moved to the calibrator, and 
put for release from each of the ratchet 
re corded, 
p 1 is repeated. 
acceleration of AM, at the second peak in 
eration-time curve, for release from a 
th on the trigger ratchet, is determined 
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on the assumption that the accelerometer output 
increases linearly with the applied acceleration and 
that the output per gram is the average of the six 
readings obtained in steps 1 and 3. 

Three calibrations of a calibrator were made by 
using this procedure. The observed accelerations 
are shown as points in figure 8, together with a line 
faired through the points. Only two of the 21 
measured points differ from this line by more than 
0.29. The line indicates a maximum acceleration, 
corresponding to release from tooth 6, of 19.5 g and 
a minimum acceleration, for release from tooth 0, 
of 0.8 gq. 

The change in maximum acceleration applied by 
the calibrator, due to a change in the weight of the 
instrument being calibrated, was measured for the 
calibrator used above by successively adding 0.1-, 
0.3-, and 0.5-lb weights to /, and repeating the 
calibrations as before. These calibrations were 
carried out only for release from tooth 2 and tooth 


5ofthe ratehet. The results are shown in figure 9 


a i 


S 


Maximum acceleration, a/q 
© 





A i i 


2 y 4 
Released from tooth 


Effect of added reight ono itput of pulse cali- 





Figure 9 
brator. 


Added weight in pounds—®, 0 0 











Centrifuge for calibration of accelerometers. 


Ficure 10 


together with points taken from ficure s. The 
addition of weight lo M, caused a decrease Ink MaXi- 
mum acceleration of the order of 1 pereent per 
0.1 lb of added weight 

lt may be concluded that the portable calibrator 
of the pulse type may be used in the field for cali- 
bration of accelerometers weighing 0.5 Ib or less, 
with a flat response up to at least 30 ¢/s and with 


a range up to about 1) 7] 


IV. Centrifuge 


The centrifuge was designed for use in the lab- 
oratory to give an accurate measure of the calibra- 
tion factor and to check the linearity between ap- 
plied acceleration and response up to high sus- 
tained accelerations The centrifuge is shown in 
figure 10 It consists of a horizontal disk, AA, 
which ts rigidly attached to a vertical spindle 
bearings. “The as- 


mounted on preloaded ball 
sembly of the spindle is made clear by the sec- 
tioned drawing in figure 11 

The spindle is driven with a !.-in. V-belt con- 
nected to a 'y-hp. variable-speed motor (not. vis- 
ible in figure 11 The accelerometer is fastened 
to disk sl at B. 


accelerometer is made through the slip rings, //. 


Electrical connection to the 


Dynamic balance is maintained by fastening a 


balance weight an equal distance from the axis 
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of the table opposite BR. Protection agi 

ture during test is provided by surrownd ig dis 
A with a guard ring, C, which is lined hs 
base modeling clay. 

The centrifuge is mounted on spong 
pads, /£, to give it a low critical speed, ab 
Disk A will then rotate about its own 
gravity at the operating speeds, well aboy 
critical speed, regardless of deviation f; 
fect balance. 

The table was designed for operation at sp 


up to 30 rps. This corresponds to a centripet 
acceleration up to 1,000 g at the periphery 
of disk A. With suitable attachments 
ometers weighing 1 lb may be accommodated 
The ball Ford part \ 
B-7065. In assembling the spindle, the beariy 
are preloaded to the point of slightly restrict 


bearings used are 


rotation by shimming between the inner ra 
the bearing and the shoulder on the spindh 


between the outer race of the bearing 


i 
shoulder on the housing. The bearings mus' 
entirely clean of abrasive matter and lightly oil 
The slip rings are made of coppe , and 1! 
brushes are made of copper-graphite, Nat 
543. Both must 


lubricant is used on the slip rings. 


be kept clean and dry 


1. Operation 


The accelerometer to be calibrated is atta 
to disk AA, and a counterweight of equal mass 
attached diametrically opposite and equidist 
from the center of the spindle. 

The acceleration is computed from the forn 


~s 
a=14.2 a ( ro 


a=acceleration 

q acceleration of gray itv. 

S=speed in revolutions per minut 

D=diameter, in inches, of circle t 
by the center of gravity of th 


element of the acceleromete! 


The speed of rotation of disk A is 
with a stroboscopic tachometer lt w 
helpful to place 10 marks on disk «1, s} 


Nine 


marks and one black with a white line t! 


equal intervals around the disk 
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Ficure 11. 


hop detail drawings (detail drawir 


) making accurate measurements of the 


lof rotation of disk A 
V. Comparison of Results 


The performance of the pulse-type calibrator 
compared with that of the sinusoidal shaking 
and 


ble by calibrating the accelerometers, 4 


figure 12, on both devices. 
the 


ium tube type deseribed in the reference given 


\ecelerometer A is an accelerometer of 


It is undamped and has a natural 
Accel- 


accelerometer. It is 


lootnote | 
wncey of about 800 eyecles per second. 
B is a Statham 
and has a natural frequency of about 

I S per second 
reuits used in each test and the results of 
bration the 
tube accelerometer and in figure 14 for 


are given in figure 13 for 
ham accelerometer. 


that 


Inspection of these 


hows the measured accelerations 
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Centrifuge assembly. 
s available from Natior 


Figure 12. 


Accelerometers. 


-tube accelerometer; b, Statha 


i, NBS 1 


ycuun 


differed less than +0.5 ¢ from a common straight 


line faired through the points. 
1. Check of Calibration Methods 


The procedure for calibrating under steady 
acceleration on the centrifuge was checked by 
comparing the recorded output for a vacuum- 
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Fiaure 13. Calibration of vacuum-tube acceleramete) 
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mn 


tube accelerometer subjected to about 20 
centrifuge with that obtained on the 
table and on the pulse-type calibrator 


Trace deflection, 


put was measured with an electric cir 


using a recorder with a galvanometer of 
natural frequency. The records are reprod 
in figure 15. It may be seen that the ou 
| g deviated less than 2 percent from thy 








Acceleration, a/g value for the three methods. 


; 


Figure 14 Calthration of Statham acceleramete 
aT Shown in fig 


shaking table first ealibr ! pulse econd calibratic 
tube AIEF Tr 


haking table (tl 
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VI. Conclusions The centrifuge may be used to calibrate accel- 
1 ) , erometers weighing up to 1 Ib with steady accelera- 
nusoidal call ator mav be used to call- tion up to 1.000 q. 

celerometers weighing up to 0.5 lb, over — 


of frequencies betwecn 20 and 110 es. : 
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Studies of the Mattson Shot Classifier 
By Raymond L. Blaine and Harold J. Valis 


The size and distribution of peening and cleaning shot and sand particles of various shape 


characteristics were determined by use of a new apparatus and with a microscope and by 


microweighings. 


evaluation to be made of size and distribution of shot and sand particles. 


Tests indicated that the 


Mattson apparatus enabled a rapid visual 


A more precise 


evaluation can be made with the apparatus by determining the actual size distribution of the 


shot or other particles. 


This apparatus tends to determine the smallest dimension of 


particles that are irregular in shape and, when used with closely sized sieve fractions, makes 


possible an evaluation of the shape characteristics of the particles. 


I. Introduction 


In shot-peening, the energy with which the shot 
rikes the metal being treated must be carefully 
ontrolled 
iniform size, since differences in size or mass of 

the individual shot cause difficulties in regulating 
the intensities with which the shot strikes the 
tal partand unevenness in the peening operation. 

The determination of particle size and the size 
stribution of materials have long been made with 

the aid of sereens or sieves. When the sample 
contains a fairly wide range of sizes, the use of a 
eries of closely sized sieves makes possible the 
termination of the size distribution of particles. 
lowever, When the particles are of nearly the same 
ze, as With the peening shot, the information 
ned from a series of sieves is inadequate to 
nine the size distribution. Another factor 
soften important in measurements of granu- 
terials is that of the shape of the particle 
ine specifications (as for example ASTM 
Di9S 44, D694-44, D-556-40T, D557—40T, and 
DHU2 42°T) require certain particle shape charac- 
stics but do not offer adequate apparatus or 

s for evaluating this shape factor. 
Mattson of General 
ory. has 


Motors Research 
developed an apparatus for 
letermining the size and size distribution 
ge shot. Although the apparatus offered 
pid visual evaluation of both the size and 
on, information was desired as to the 


of the apparatus and the significance of 


Mattson Shot Classifier 


It is necessary to have the shot of 


the results. The simplicity of the apparatus and 
the principle on which it is based have suggested 
the possibility of its use for materials other than 
the peening and cleaning shot for which it was 


designed. 


II. Description of Apparatus 


The Mattson apparatus (see fig. 1) consists 
essentially of two plane sheets of glass separated 
at the two vertical edges by accurately ground 
metal wedges. Particles dropped into the space 
between the glass plates lodge at a point where the 
effective diameter of the particle and the distance 
An additional 
feature of the apparatus is a sample splitter, which 


between the plates are the same. 


is needed to reduce the sample to a suitable size. 

The apparatus used in these studies consisted 
of 8- by 10-in. glass plates. 
1 


The back plate was 
. in. thick and reported by the manufacturer to 
be plane within 0.0005 in. The front plate was 


made of *\-in. plate glass. The ground metal 
wedges, cemented to the front plate and separating 
the plates, were tapered at 0.010 em/em. The 
space between the plates was 0.25 mm at the 
bottom of the scale and 2.00 mm at the top, 
corresponding to the nominal openings of the No. 
60 and the No. 10 sieves,! respectively. 

In order to remove the sample, a special cam 
arrangement was provided to separate the plates 
after the test. 


were indicated by a scale consisting of ruled hori- 


ee 


The spacings between the plates 


' Federal Spe 


fication RR-S-3'#ia 














Lloweve ‘. for 


zontal lines on the front 


plate. 
these tests, an auniliary transparent plate, ruled 
every 2. mm, was attached to the front plate of 
the apparatus. The back plate was held against 
the wedges by springs 

The sample splitter consisted of a tilting table 
from which half of the sample could be removed 
behind the 
sample can be halved as many times as necessary 
Tilt- 
prepared the remaining 


into a container apparatus. The 
to obtain the required amount of material. 
ing the table forward 
sample for the next division or for dropping the 
grains into the wedge-shaped space of the appa- 


ratus. 


III. Materials 


The samples of peening and cleaning shot that 
were furnished by the General Motors Corpora- 
tion consisted of spherical iron particles of sizes 
commonly used in peening and metal-cleaning 
operations. 

The three sands used in this study were chosen 
on the basis of their shape characteristics. The 
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sands were separated by sieves, and th tiny 


passing a No. 20 and retained on a No 
was used. The Ottawa sand was that « 
used in testing portland cement (Federa 
cation SSC 1l58b). The river sand co: ( 
particles that had been worn smooth but 

as equidimensional as the Ottawa sa: 

limestone particles 


erushed were ang 


somewhat flaky. 
IV. Scope 


In order to determine the characteristi: 
Mattson apparatus, measurements were mad 
the apparent diameter of individual peening s 
and sand particles, the reproducibility of res 
obtained in retesting the same particles, th 
of the size of sample on particle interfere: 
the effectiveness of the sample splitter "| 


paratus was used for size measurements of a 


ber of samples of peening and = cleaning s| 
\Microscopic measurements were made, and wei 
were determined of individual particles in « 
to compare the diameter values determi 
different methods Tests were made by 

the Mattson apparatus on samples of two - 
and a crushed limestone passing a No. 20 an 
tained on a No. 30 sereen in order to evaluat 


shape factor of these materials. 


V. Tests and Test Results 


1. Measurements of Individual] Particles 
(a) Mattson Apparatus 


Measurements were made to the nearest 
of the position of individual particles dropped 
the apparatus a number of times. From tly 
tion in the apparatus, the apparent or effe: 
diameter of the peening shot or sand particl 
determined to the nearest 0.005 mm. ‘Twe! 
separate determinations were made on eac! 


12 peening shot and 8 sand grains illustrat: 
figure 2. 


(b) Microscopic Measurements 


Microscopic measurements were also ma 
maximum and minimum diameters of the p 


Each particle was shifted with a probe a 


pair of measurements. The maximum and 0 


mum values of the series of 10 measurements 
each particle are reported. 
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(c) Microweighings assuming a spherical shape) are based on the 
specific gravity of larger quantities of materials 


se chts of the individual particles were de- determined by a pienometer method. The results 
by means of a microbalance and were of measurements and calculations are presented in 
‘ 0 0.001 mg The calculated diameters table 1. 
BLE 1] Diamete of individual particles as determined by the Mattson apparatus, microscope, and as 
calculated fram the weight 
. 
\ ffi \ 
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Figure 2. Individual shot and sand particle 


search Mattso: Shot Classifier - 





2. Repeated Tests on Same Materials 
(a) Peening Shot 


Approximately 90 P46 peening shot were sepa- 
from a larger sample with the sample 


The shot were then dropped into the 


rated 
splitter. 
wedge-shaped space and measurements made to 
the nearest ': mm of the positions of the indi- 
vidual particles. The shot were recovered and 
the test repeated a total of 10 times. The aver- 
age diameter (Snd/Zn) and the number of shot 
smaller than or larger than certain arbitrary 
sizes were determined for each set of measure- 
ments and are presented in table 2. 


TABLE 2. Repeated tests on the same sample of 90 P46 shot 
Number of shot Number of shot 
Aver larger than smaller than 
uw 
I 
ter 1.350 1.325) 1.300) 1.175 1.200 1.22 
mm mm mm mm mm 
I i i 27 1 13 IS 
ms tI { s Is 
1. 267 14 2 l It - 
1. Qe i 25 1 lt ee 
"ie ‘ 21 I 14 21 
j Is ‘) ) ) 
Jt t 2 Zt if y 
Di " l Ww ma | 
' os 17 " 
m4 19 - { 
\ j 4 237 1 3.4 ‘ 
Standard 2 ‘ 
Co f 
t . il v 


(b) Ottowa Sand 


\ similar series of tests was made op a sample 
of the Ottawa sand. A 20-¢ sample was split 
seven times, and the particle-size distribution was 
determined. The test was repeated a total of 
10 times, a new sample being used for each test 
The average diameter and number of particles 
larger and smaller than certain arbitrary diameters 


are presented in table a. 
3. Interference of Particles 


Tests were made to study the possible inter- 
ference of particles with each other in dropping 


to their positions in the wedge. Fifty-gram sam- 
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rasre 3 Ten samples of 20 q of Standard 0 


290 to 30 mesh 


. split 7 times 


Number of 
particles 
Num greater 
— ber of than— 
oe So par 
ReTeE ticles 
0.7%) O65 
mm mm 
mm 
0.4 Paid | 244 BD 
on Qn 27 130 
M3 243 17 It 
oil 237 27 113 
(38 24S 22 lil 
O47 223 21 12 
tat 254 21 11u 
639 241 mH 10S 
40 2 25 121 
642 | 245 It 124 | 
Average (42 246 22.6 118 
Standard deviation OOS 1.5 ) 7 8 
Coetlicient of variation 4 7) 17 7 is 


ples of P46 shot were split four, five, six 
seven times, giving a considerable range in 
number of particles measured in the diffe 
tests. The particle-size distribution was det 
mined as in previous tests. Each of the va 
presented in table 4 is the average of two «i 


minations. 


TABLE 4. Effect of size of sample on ave 
diameter of shot 

Number — 

Number of times sample was split of par 7 “ 

i " 
1M) 

‘ 14 1 

4 ™ 


4. Tests of Peening and Cleaning Shot 


The particle-size distribution of a nun 
samples of peening and cleaning shot of a 
of grades was determined. The size dist: 
are presented in figure 3. The various statis 


diameters computed from = the size-dis! 
values are presented in table 5, together 
diameters computed from the weight o 


1,000 shot, assuming spherical shape 
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o] 
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Ficure 3. 
Shape factor and diameter of 


calculated by 


Aver 
=p i wed 
vray umete 

ty fron 

V« t 

{ 0. 77 
is 0S 
t48 
” 
rs 4 1. (4) 
7.46 ( 
. 
yon@ic 
pNde 
rer 


artous for mula 


t l. d, 
nim mim nmin 
O.714 O<723 | 0.740 
07 1. 242 74 
1. 37 1. 301 1 s 
1.274 1. 305 1. Sun 
0.952 | 0.969 | 0.970 
is? {AS {SS 
1.574 1. 507 14 


5. Shape Factor 


given sizes. 


pecning hot 


Shape 
‘d fac 
tor 
nm 
O.7M 0. M4 
1 279 MT 
1. 345 4 
1. 323 7 
ae s 
0. 499 Th 
732 mn 


made by means of Mat 


as 


+ were made of the apparent size-frequenes 


bution of materials of different shape factors. 


P28 shot, 
limestone all 


and were 


Ottawa 


passed 


river 
the 


sand, 


No. 20 
retained on the No. 


sand, 
siev 


30 S1eV 


in). Of these materials, the peening shot 


ost nearly spherical; the Ottawa 


igh but fairly 
some rather 


rs and was composed mostly of 


flat, 
he crushed limestone had sharp edges 
flat 


well rounded. 


semiroundee 


The rive 


sand was 
TT 
| particles, 


The size-frequency distribution curves 


ted in figure 4, 


are presented 
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and the v 
in table 6. 


arious statist ical 


tson apparatus, 


TABLI 6 Shape factors and diametei of pa ticles as cal " 


lated by various formulas 


Average 
diameter 
Specific caleu- Shape 
dentificatio ( 
Identification gravity lated dae i, d. dx factor 
from 
weight 
ne nim nim nm ni nm 

P28 shot 7. 54 0. 776 O.714 0.723 0.740 0.740 0.004 
Ottawa sand ,t sv 42 652 H52 672 we? 
River sand 2. 62 752 a) mi 70 ws 1.21 
Limestone 2. 70 SUI is2 a4 52 WS 100 
See table ymbol 1 
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6. Sample Splitter 


A series of tests were made in which a sample of 
tested in the 
final 
weight of the 


P46 shot was split six times and 
Mattson The 


sample was compared with the 


ah 
Phe 


apparatus. weight of the 


sample before splitting remaining portion 
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‘yi 


of the sample from the first test was used for the 
second test and the remainder from the second, 
for the third, ete 
10 successive determinations 


This process was repeated for 
The average diam- 
eter of the 10 successive determinations, together 
with the percentage by weight of each sample 
remaining after splitting six times, is presented in 
table 7. Other tests were made in which the 
number of particles remaining after splitting a 
These 


also served to indicate the efficiency of the sample 


definite number of times was counted 


splitter, Where the weight was not determined 
directly, the weight of 1,000 particles was used to 
compute the average weight per particle, and the 
weight of the split sample was computed from 


this value 


VI. Discussion 


Particles Determined by Different 


Methods 


l. Size of 


The shape of the particles measured and the 
method of measurement usually influence the final 
results. For example, in microscopic measure- 
ments, irregularly shaped or flat particles tend to 
assume their most stable position when placed on 
a microscope slide and the two larger of their three 
dimensions are observed. Repeated measure- 
ments made according to the methods of Feret or 
Martin of the diameter of an irregularly shaped 
particle adjusted to a new position before each 
measurement would vield a variety of values with 
a calculable (statistical) mean and standard devi- 
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Similarly, individual 


into the wedge-shaped space of the Matt 


ation particles 
ratus do not always exhibit the samy 
ciameter. It may be noted in table | 
standard deviation values of the measu 
eters of individual particles were quite | 
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Apparent clarnefer, /mr7 


Fiaure 5 ¢ diamete alues of it 


th the Mattson appare 


these values differed for different parti 
nature of these variations may also bi 
figure 5, which shows the measurement 
tion patterns of some typical particles 

be noted, the patterns range from a rat 
distribution diagram as in RS 2, to a sk 
tribution as in P46 3, and to a bimodal dis 


for SS 1. The average values for the ratio 0 
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croscopic diameter to the average diam- 
rmined by the Mattson apparatus were 
and 1.52 for the peening shot, Ottawa 
| river sand, respectively. 
msidered significant that the coefficient of 
| values of the peening shot were approxi- 
the same as the majority of the values for 
iwa-sand and river-sand particles, which 
so equidimensional. It may be noted in 
and figure € that the average diameters of 
vidual particles determined by the Mattson 
tus were usually smaller than those calceu- 


from the microweighings of the individual 


T T T ! i i 
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merer by M 
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Diameter from weight, mm 


age diamete 


at determi 


es. This was more apparent with the sands 
th the peening shot. The average of mean 
rs of peening shot as determined bv the 
napparatus was 96.6 percent of that deter- 
by microweighings, whereas for Ottawa 
value was 89.6 percent and for river sand, 
ent. The diameter calculated from the 
vhings was usually between the maxi- 
d minimum-diameter values determined 
croscope However, for the sand parti- 


is smaller for three of the eight particles 


thmetic mean diameter of a sample of 
shaped particles is not the same as the 
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mean diameter based on volume or weight. 
Perrott and Kinney, Green,’ and Dalla Valle * 
have indicated the necessity for giving proper 
weight to the various sizes in a sample and have 
presented formules for caleulating the “mean 
volume diameter” and “weight mean diameter” 
from the measured diameters. These formulas 
and the calculated diameters are given in tables 
5 and 6. 


2. Shape Factors 


Dalla Valle (see footnote 4) has shown that a 
value for the shape of the particles may be 
calculated from the mean volume diameter, the 
number of particles per unit weight, and the 
density, as given in the formula in tables ¢ 

The fact that the Mattson apparatus tends to 


indicate the smaller of three dimensions of flat- 


and 6. 


or disk-shaped particles makes possible an evalua- 
tion of the shape factor of particles when used in 
The effect of the shape 


of the particles when testing four different 20- 


conjunction with sieves. 


to $0-mesh materials with the Mattson apparatus 
is evident in figure 4. The factor caleulated from 
the number of particles per gram, the specific 
gravity, and the average volume diameter, d,, 
according to the Dalla Valle formula (see footnote 
1), results in values ranging from 0.534 for one 
sample of shot to 1.90 for the crushed limestone 
It has been shown by Martin ® that this value is 
less than 7/6, or 0.524, when computed from 
microscopic measurements. The shape factors of 
the peening shot were all slightly larger than 
ri, or 0.524, but not as large as the values for 
Ottawa sand, river sand, or the crushed limestone 
Microscopic examination and the measurements 
listed in table 1 indicated that the shot were not 


perfect spheres. 
3. Variations in Effective Diameter 


The variations of the effective diameter. of 
individual particles may 
variations in the ecaleulated average diameter of 
groups of particles. The 
values of the individual P46 shot in table 1 were 


from 2 to 14 times as great as the value for the 


be expected to cause 


standard-deviation 


group of 90 shot of table 2.) For the Ottawa sand, 


(i. Perrot 
H. (ireen, 
‘J. M. Dall 
\ 143 
Martit 





the individual values in table 1 were from 2 to 16 
times the group values in table 3. 

The determination of the size distribution of a 
large number of particles in a sample is somewhat 
tedious. The possibility of starting w ith a definite 
weight sample, splitting a given number of times, 
and counting only the number of particles larger 
or smaller than certain limits was considered as a 
specification test. The number of particles per 
group varied more at the ends of the distribution 
the 


and 3 


curves than in the center, as indicated by 


coefficient of variation values in tables 2 


4. Variations Due to Sample Splitter 


Certain variations also occurred in splitting the 
sample, as indicated in table 7. Theoretically, 
1.56 percent of the particles should remain after 
splitting six times, but the data in table 7 indicate 
that as much as 2.10 percent of the particle re- 
mained. Other indications of the variations of 
the sample splitter were obtained from counts of 
particles of duplicate tests on the same material. 
The computed weight of the test sample was 
usually 10 to 20 percent greater than it should 
have been. This was probably caused by the 
design or construction of the sample splitter itself 
and could possibly be remedied by placing the 
separators symetrically, by increasing the number 
of separating fins, or by proper placing of baffles 

There that 


particular size of particles was removed. 


was no evidence, however, any 


For 
example, as shown in table 4, the average diamecer 
determined in any one test does not differ from 
the grand average by as much as three times the 
standard deviation, commonly considered signifi- 


eant. The data in this table indicate that a rather 


wide range of sample size may be used iy 
Th 
sample of 50 shot appears to define sat 
the the 1 
required to indicate the type of distribu 


culations of the average diameter. 


average size and is about 


sample of shot. It would be preferab| 
a sample of this size in order to reduce thy 
of 


measurements. 


5. Limitations of Testing Smaller Sizes 


The determination of the particle-siz 


tion of the smaller sizes, such as the P19 shot 


more difficult than with the larger sizes 


count the particles in any size group whet 


particles were from 0.25 to 0.50 mm in d 
VII. Conclusions 


The Mattson apparatus offers a rapid 


method of determining the size and distribut 


closely sized particles, such 


as 
cleaning shot, and sand. More accurat: 


tion of the average size and variations abe 


average can be made by determining the nun 


ry 
The 


these d 


of particles of each size grouping. 
diameter values calculated from 
tions are quite reproducible. 

flat 


apparatl l 


The diameter of irregular or 
the Mattson 
“statistical” diameter that is usually 
This 


enables a determination of the shape | 


determined with 


that determined by a microscope. 


particles to be made when the apparatu 


with closely sized sieve fractions. 


WasHINGTON, June 3, 1948. 
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Compilation of Thermal Properties of Hydrogen in Its 
Various Isotopic and Ortho-Para Modifications 


By Harold W. Woolley, Russell B. Scott, and F. G. Brickwedde 


New developments In science and industrv are aided by accurate knowledge of the 
behavior of important substances. The great abundance of chemical processes and com- 
pounds in whieh hydrogen is involved make it of particular interest. The experimental 
and derived data presented here for hydrogen extend over a large range of temperature. 
Low temperatures are required for the liquid and solid, and moderate and high temperatures 
occur in chemical reactions. 

The available thermal data for H,, HD, and D, in solid, liquid, and gaseous states 
have been brought together, including the distinctive properties of ortho and para forms 


of HH. and D 


include thermodynamic functions tor the ideal gas state, equilibrium constants, data of 


Some data not previously published have been added The thermal data 
state, viscosity, and thermal conductivity with dependence on the pressure, vapor pressure, 
solid-liquid equilibria, specific heats, and latent heats. Values of state derivatives useful 
in thermodynamic calculations have been given for normal hydrogen, and the related dif- 
ferences between thermodynamic functions for real and ideal gas states have been evaluated: 
\ temperature entropy diagram for normal H, in the range of experimental data is also 


given. The compiled thermal properties of hydrogen are presented in 38 tables, 33 graphs, 
and numerous equations. The sources of the data have been given in an extensive 


bibliography 


I. Introduction 


densed phases, directly observable properties are 


i given. Because of the industrial importance of 
t was recommended by the National Research 
| Committee on Thermal Data for Chemi- 
istries '*? and by others that the thermal 


industrial 


flow and heat-transfer problems, correlations of 


viscosity and of thermal conductivity are in- 


cluded and their dependence upon pressure dis- 
oS EEN ' mmportance cussed briefly. A number of topies are discussed 
be reexamined with the intention of pre- be etal to explain the fundamental principles 
peepee tables of thermal data of especial involved. Most of the data included were taken 
to chemical engineers and investigators. trem published papers. However, 0 enell peo 


s paper thermal data on hydrogen in its portion are based on unpublished measurements 


sotopic and ortho-para modifications are 
and correlated Data on properties of 
ous, liquid, and solid states are presented 

and graphs, and by use of formulas. 
Vnamic properties are given for the ideal 

In addition, tables based on the PVT 
he real gas furnish the additional infor- 
quired for the ealeulation of the thermo- 
properties of the real gas. For the con- 
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Properties of Hydrogen 


made at the Bureau. 

The following are the symbols and values of 
physical constants and conversion factors used in 
this paper. 

1. Symbols 

Many symbols that are not used extensively in 
this paper have been omitted from this list. 

A, constant in an equation for a PVT isotherm. 
B, second virial coefficient in equation of state of 
gas 


,. rotational spectroscopic constant 





4b. b, constant in an equation for a PVT isotherm; 


also, a constant in an equation of state. 
c,4 
also, the Sutherland constant in a viscosity 
formula 
‘ constant in an equation for a PVT isotherm. 
molar heat capacity (molar specific heat) at 
constant pressure for ideal gas. 
molar heat capacity (molar specific heat) along 
av saturation curve 
molar heat capacity (molar specific heat) at 
constant volume for ideal gas 
e, ¢, velocity of light; also a constant in an equa- 
tion for a PVT isotherm 
c, radiation constant he 4 
}),, rotational spectroscopic constant 
Kk, a thermodynamic function, internal energy per 
mole 
ik°. & for a substance in the ideal gaseous state 
kk, -° at the absolute zero of temperature when 
for each molecule the energy nssociated 
with internal degrees of freedom is at its 
lowest quantized value 
Fo a thermodynamic function, molar free energy 
F=K+PV—TS 
. F for a substance in the ideal gaseous state at 
a pressure of | atmosphere 
F.. rotational spectroscopic constant 
F.,, or F, 


f, a thermodynamic function, fugacity 


term value 


(,, vibrational term value 

q, statistical weight of a quantum level 

/7, a thermodynamic function, molar heat content 
or enthalpy, I] I P\ 

17°. [1] for a substance in the ideal gascous state 

//,, rotational spectroscopic constant 

hk, Planeh’s constant 

(, nuclear spin 

J, rotational quantum number. 

A, equilibrium constant 

kk, Boltzmann constant; also, thermal _ con- 

ductivity 

L,, latent heat of vVaeporization 

M, molecular weight 

m, reduced mass for molecule. 


N, total number of molecules considered 


N,, number of molecules in a given quantum level 


N,, Avogadro's number 
P, pressure 


* pressure at the critical point 
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" constant in an equation for a PVT isotherm; 


?,, pressure of 1 standard atmosphere, 
10° dynes em~? by definition. 

, momentum corresponding to genera 
ordinate q. 

,a generalized coordinate. 

, molar gas constant. 

, atomic separation. 

. atomic separation r for minimum 
energy. 

a thermodynamic function, molar ent: 


°°. S for a substance in the ideal g: 


seous 
a pressure of 1 atmosphere. 

7, absolute temperature on the Kelvin - 

’. temperature 7 at critical point. 

vy Kelvin temperature 7 of the ice point 
of 08 C 

’, Intramolecular potential energy. 

, ratio of mean free path lengths fo: 

and \ ISCOSILY . 

*, molar volume. 

., molar volume at the eritical point 

‘» Molar volume of gas at l-atmosphere press 


and the ice point. 


», Molar volume of liquid at zero pressur 


*, Vibrational quantum number. 


Z, abbreviation for PV RT. 


, ratio of specific heats, ¢ ave 
, energy for a quantum state 
. VISCOSIEN 
a characteristic Kelvin’ temperature 
crystal lattice in Debye’s theory of sp 
heats. 
, length of mean free path 
. Joule-Thomson coeflicient 


€, fractional increase in atomic separatior 


€2 


h 


No 


that for minimum potential energy 
, density in Amagat units. 
, a correlation function for PVT data 
, a function in one equation of state 
,a correlation function for PVT data 


Values Used for Some Physical Constants anc 
Conversion Factors 


umbers in parentheses refer to the refer 


below 

2.99776 < 10 
he Nhe 
k R 


velocity of light cm 


(radiation constant) 


deg (2). 
10?" 


6.0228 


(Planck’s constant = 6.624 em se 


(Avogadro number 10°° mo 
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sure of standard atmosphere) = 1.01325 

dynes em~* (3). 
gas constant)=Nyk=8.3144% 10" erg 

e~' deg! (1). 

' deg! (4). 


273.16° K 


S714 thermochemical cal mole 
in temperature of ice point) 
weight of hydrogen (H') on chemical 
LOOO7S6 (1). 

weight of deuterium (D or H®) on chemical 
2.01418 (1). 

calorie international 


thermochemical 4.1833 


OUuLeS (od). 
niernational joule (NBS)— 1.000165 absolute 
i 
vmond T. Birge, Rev. Modern Phys. 13, 233 
Modern Phys. 13, 233 (1941 


or later NBS value of the ratio international 


’s value (Rey 
bsolute coulomb == 0.99985; see also reference (7 
nitwor 
Rev. Modern Phys. 13, 233 (1941 


thermochemical calorie and NBS value for 


l 
vaiue 


national joule/absolute joule 

ition 

Fechnical News Bulletin 31, 49 (1947 
Curtis, R. L. Driseoll, and C. L. Critehfield, 
NBS 28, 133 (1942 


Il. Thermodynamic Properties for the 
Hydrogens in the Ideal Gas State 


1. General Principles of Calculation 


For a gas ina state of extreme rarefaction the 
ergy of interaction between molecules forms a 
nute part of the total energy of the gas. At 
ch low pressures the thermodyvaamic properties 
ras may be ealeulated from the spectro- 

lly determined energies of the single mole- 

es and the general physical constants without 
msidering the energy of interaction of one mole- 
e with another. Some thermodynamic prop- 
us for example molar entropy and free 
do not approach a definite value as the 
of the gas goes to zero. For this reason, 
f thermodynamic functions of a gas at low 
are often indicated by giving values for a 
of l atm for a fietitious ideal gas having 
ut of low pressure the same thermody- 
netions as the actual gas. The result is 
to be for the gas at a pressure of 1 at- 
in the hypothetical ideal gas state. 
tate may be used to calculate the differ- 
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ences between properties in the real and ideal 
gas states. 

The procedure for caleulating the thermody- 
namic properties of a substance in the ideal gas 
state has been discussed by many writers [8, 30, 
31, 323." 

In outline, it involves the following ideas: The 
average number nv, of molecules in a quantum 
state of energy €, is related to the average number, 
n, of molecules in another state of energy e, by the 
Boltzmann distribution law 
eg/RT fe eal! ( (2.1) 


Ny Mg ( 


where & is the Boltzmann constant, and 7 is the 
absolute temperature. 

As there are often several states having the same 
energy, the number of molecules in a given energy 
level ‘is also proportional to the number of states, 
g. If N,, No, N 


cules in the levels €;, €2, €2, 


_ are the numbers of mole- 
, respectively, the 


number of molecules in any one level is 


Ngenu'? Va 


ye o/h qa * : =a a 


N 


where NV, the total number of molecules being 
considered, is equal to LN If properties are to 
he expressed on the basis of | mole, N is taken 
equal to Avogadro's number, .V, 

The quantum states are specified by means of 
quantum numbers, the integer values which 
certain natural variables have when a molecule 
has a stationary value of energy. The magnitude 
of the energy is generally expressed in terms of 
these numbers. In diatomie molecules, the quan- 

interest are J, the rotational 


AK, the 


number apart from spin, and ¢, 


tum numbers of 


quantum nuniber, rotational quantum 
the vibrational 
quantum number. The electronic state is also 
similarly quantized, and quantum numbers ap- 
propriate to ort) Tay likewise be assigned. The 
nuclear spins of the two constituent atoms are 
In terms of these num- 


designated by and /». 


bers, the statistical weight, g, of a level of a dia- 


tomic molecule composed of unlike atoms, as for 


) ») 


example HD, is g,(2/,4-1)(2/,4-1)(24 + 1 
q, is the weight of the electronic level of the mole- 


W here 





cule. The ground electronic level of HD, and of cule would be in the lowest energy state 
H. and Dz, also, is a singlet state, and accordingly to any form of the molecule.® 
q,18 1 

The proton and deuetron spins are and 1, E°— EF 
respectively For diatomic molecules composed of 
like atoms, as for example, H, and D., there is a 
division of the rotational levels of the molecule into The superscript zero is used to indicate 
two groups referred to as the ortho and para series, gas state. 
one of which is composed of the even numbered The enthalpy //°, the specific heats ¢ 
and the other of the odd numbered rotational the entropy S°, and the free energy F° for thy 
levels. Ordinarily, transitions between ortho and ideal gas state are derivable in accordance y 
para levels are relatively rare, so that the gas can familiar methods of thermodynamies from 
be considered as a mixture of two distinct com- internal energy /°—/2,, (2) the equation ot 
ponents. The high temperature equilibrium mix- PV=RT. and (3) the translational entropy 
ture of the two forms is called the normal mixture, an ideal gas of molecular weight M/. The 
and the more abundant component of the normal tions for these properties as functions of 
mixture is called the ortho component. The sta- are 


tistical weights of the two series depends upon the oR Va (e/kT 
T 


quantum statistics applicable to the nuclei. For 
Hl, it is the Fermi-Dirac statistics, for D, the 
Bose-Einstein statistics 


Ii rm i-Dirac statistics: 


g (para series, even J's 


L)i(24-+1 


g (ortho series, odd J’s 
ge (20+ 1) G+ 1) 27+1) 


Bose -Kin ste iW statistic ky 
q (ortho series, even J’s S 
i+1)(6+1)(2F+1 R 


~~ 


In =f) i 


para series, odd J's 


S, 
2) l ; 23 l R 


The energy per mole due to molecular rotation 
and intramolecular vibration is 


3 in 743/22 In M+In V+ In 


S; 
R 


Ve : ~, és 
=) )¢ 
Hl to—TS 
where the «s are the energies of the rotational- T 
vibrational levels relative to the lowest energy 
level of the molecule. The translational energy, 
3/2 NAT or 3/2 RT, is added to this to get 
Ie k,, the total internal energy per mole for 
the ideal gas above the chosen zero in which there 
would be no translational energy and each mole- 
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>, P and P, are the pressure of the gas 
lard atmospheric pressure, respectively, 
The ratio 
le pressure expressed in atmospheres. 


) expressed in dynes em 


ionatomie gas in which the ground state 
below the others in energy that it alone 
ppreciable contribution to the state-sum, 


ied 


eq 2.7 to 2.14 are simplified consider- 


ably. With «, the energy of the ground state, 


; zero, the state-sum reduces to the con- 


Eo) /RT=3/2; (H°— Eo)/RT 
C;/R=3/2; C>/R=5/2; S°/R=In 9,+S;./R, 
nd (F°— B)/ RT Ing, +-5/2—S,/R. When the 


clear spin is included, g,; contains (2/+1) asa 


esult, i 


p 


Normal hydregen is a mixture 75 percent of 
rthohvdrogen and 25 percent of parahydrogen, 
66% percent of ortho- 


nd normal deuterium 


deuterium, and 33's; pereent of paradeuterium. 
"he molar entropy and free energy of a mixture of 
gases present in the mole fractions x, £2, 


7) ?Sr, Ine 2.15) 


Sr, F°,+RT Zz, In z,, (2.16) 


here S°, and F°,, the molar entropy and free 
ry of the ideal gas 7 in a pure state at the 


essure of the mixture, are given by eq 2.11 and 
the evaluation of S°®,. 


Sv, In vs, is called the entropy 


+, using eq 


2.12 for 
Rs 


e summation 
uxing. Using eq 2.13 for the evaluation of 
1’ equal to the molar volume of the 
that is, the 


the moles of constituent 


ind setting 
nstituent, volume of the mixture 


ded by present is 


to using partial pressures in eq 2.12, 
case the entropy and free energy of the 
ire equal simply to Sv,S°, and Szv,F 


netions G,, B,, D,, F,, 


$05.35 


60 S48: 3.06635(r-4 - O.06S361(% 


0.046435 + 0.0014904 (¢ 
.93203 << 107° +-0.02800 * 10 
6.7217 > 


10~° 
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L.9473(0 


2. Energy Values From Spectroscopic Data 
The values of €; to be used in evaluating the 
equations of the preceding section are derived 
from analysis of molecular spectra. In general, 
banded electronic absorption and emission spectra, 
rotation-vibration absorption 
But as the 
D, molecules have no. electric dipole 


infrared, spectra, 
and Raman spectra are considered. 
H, and 
moments in their normal states, they have no 
Similarly, 


HD, 


although lack of symmetry permits it to have a 


rotation-vibration absorption spectra. 
no such spectra have been observed for 
very weak dipole moment. 

The spectroscopic energy level data for hydrogen 
are represented by a series in which the energies 
of the levels relative to the ground level, e=0, 
J—0, divided by he are expressed as a function of 
the rotational and vibrational quantum numbers 
J and v, see eg 2.17. The quantity e, he is called 
the term value of the level and is designated by 
Term 
experimentally from differences between the wave 


the symbol F. values are determined 
numbers of spectrum lines and are expressed in 
terms of reciprocal centimeters as a unit. Here 
F,,, is the term value for the level v, J; Fy,, for the 
ground state being zero. 


1 


Up to 25,000 em the term values on which 


tables 4,7, and 8 are based, can be represented by 


F.3=G,—GQot+ BI I+1)+- DFP? I+1 


FIJI +1) + Hdd 
HJ*(J + 1)*)2 
1)>— IJ +1)" 


(2.17) 

FD (J 
where the subscripts used indicate the quantum 
numbers on which the different symbols depend 
for their values. 


and /7, for H,, HD and D, are as follows: 


O.11265(¢ 


0.0065 (¢4 


0.000063648 (v4 





For HD: 


S3S17.09(¢ 94.95S(¢-4 *+.1 45609(7r- O.07665(% 


15.6549 — 1.992721 (¢ 


0.026136 — 000072661 (7+ 


? OS27 10 O.01024 LO-°’(r- 


2.1295 


iv 


SLIS.460¢ 64.10% 


30.4286 L.O4917(¢ O.005TO34(¢ 


O.OLLSS6+O.000151(e 


0.105 10 
TT] 0.44210 


The numerical values of the coethicients Ih eq 
2.18 to 2.20 are based on the latest available spec- 
troscopic measurements due principally to Rasetti 
24], 


>) 


[2], Hyman |[5, 6], Jeppesen [6, 7, 12, 15, 
Beutler [20, 21] Teal Mae Wood 
The data of Fujioka and Wada [23] were not used 
and the data of Mie 
influence on the formula for G@ 
G, for Hl, and HD are those given by Teal and 
Mace Wood |22)] 


The equations for 


and and 
16} on HD onlv through its 


The equations 


and that for D, by Jeppesen |24] 
RB, are essentially Jeppesen’s 
12, 24] equations expressed for use with J(J+ | 
equations for D,, F.. 
//, were obtained from theory 


and B 


10} without his correction terms 


The constants in. the ana 
using the equa- 
tions for G and the formulas of Dunham 

In the case of hvdrog nas for many other sub- 
stances, extrapolations of spectroscopic formulas 
have to be made into regions of large rotational 
Which no wavelength 


quantum numbers for 


Measurements are available in order to obtain 
values for the energies ¢, of the higher quantum 
states. The energy values for large rotational and 
Vibrational quantum numbers are influenced by 
foree of the molecule for 
the 


sideration has been given to this point mn the pres- 


the law of internuclear 


large separations of nuclei. Special con- 


ent work and two methods were developed where- 
the the 


unobserved higher rotational levels were obtained 


by more reliable values. of energies of 


The first improvement was the addition of the 


384 


0.038482 (7-+ 1)? 


L2514(r 


0.003 L6SS5(¢ 


0.Q000268773 (r- 


O.10612(7— ')*+ 0.00034 


0.00027486(¢ 


O.OO005S(r- 


final term in eq 2.17, [/7,.7*( J+ 1)'P [FS 
I1J*(J+-1)*)] Without the final term 


of the form in which spectroscopic data h: 


tofore been represented, but in that forn 


J 


ve 


a good approximation for large values of -/ 


third, fourth, fifth, and sixth terms of e¢ 
the third, fo 
fifth terms are approximately equal fi 


of alternate sign and for H 


exten 
The 


of eq 2.17 is the sum of the geometri 


This suggested that the series be 


successive terms in constant ratio 


added terms in which the term to tern 


that between the fifth and sixth terms of e 


This change in the formula for the ene 


the rotational-vibrational levels of th: 


Is'S) electronic state of hvdrogen has 


small effect on the energy values of the 
Thus the diffe 
tween Jeppesen’s [12] observed and 

the 2p's—1s'd 


, Whereas using eq 2.17 


spectrum lines mean 


values for band 


1.052 em 


term 
Wiis 
Jeppesen’s equation for the Is'S stat 
difference between observed and calculat 
is 1.050 em 


As a second improvement, for the cali 


thermodynamic properties above 2,00 
the hig! 
Instead of 


alternative determination of 


tional levels was made. 


power series eq 2.17, the energies cor! 


to any degree of rotation and vibration \ 


mined from the potential energy 
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t in etteet by (1) 


determining the poten- 


v 1’ of the nonrotating H, molecule as a 


if the internuclear separation, (2) adding 
onal energy h? J (J +-1)/82x71(r/r,)? to U 
an effective potential energy, (7’, for a 


vith rotational quantum number J, and 


the quantum condition $ min (2m)'”? 


dy (r+ 1/2)h to determine the energy 


he quantum state 


the molecular potenti 


r the H. molecule using 


relations and the rot 


ta lol HH 


TOT34E"(1 L.GOS2E- 
1.4508 +- 1. 


r/r.. vr, bei 


the internuclear separa 


e. * 


The coefficients of a power series used to repre- 


al energy were evaluated 
Dunham’s [10] theoreti- 
ational and vibrational 


1. SSOSE — 1.SSS2¢ 
421"), (2.21) 


ng the equilibrium value 
tion, and ¢7 is expressed 


eciproeal centimeters. Although this series 


i pool representation 


pirations twice the eq 


tis very cood for Ss 


this series was not 
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of U for internuclear 
librium value (i. e., at 
mall values of &  There- 
used for the potential 


J+ I)=0| 300 600 900 1200 1500 


energy function finally accepted for internuclear 
separations much greater than the equilibrium 
value, but it was used for internuclear separations 
less than the equilibrium value. At dissociation 
the minimum value of r for classical motion is 
more than half of r, (i. e., |€!< 0.5), and the series 
determines the inner portion of the potential 
energy curve with sufficient reliability for the 
present purposes. 

The ranges of internuclear oscillation, Emax— Emin. 
for different values of the energy needed to fix the 
outer portion of the potential energy curve, were 
determined from (1) the vibrational levels of the 
nonrotating molecule, symbolized by G, in eq 2.17 
to eq 2.20, which have been accurately measured 
to within 140 em™! of dissociation [5, 12, 20, 21] 
and (2) the quantum condition 


f pdq=(2mrzhe)' f (G,— U)'"dt= (e+ 1/2)h. 


The method used to obtain (Emax—£fmin) by satis- 
fying eq 2.22 was essentially that of Rydberg |S] 
and Klein [9]. Caleulated values of the potential 
energy (in wave numbers are given in table 1 


2 


r/Te 


Ficure 1. Potential-energy curves for He 





as a function 


l Volecular potential en for H, 
cuclea 


TABLI 
f the 


e 


0 chanae separation 


The effective potential energy curves for rotat- 
ing molecules obtained by adding to [ for the 
energy of rotation, 


illustrated = in 


nonrotating molecule the 


J(J+1)B, 


figure 1 


pdq 2mirhe f I bly dé 


to the effective potential energy curves, 
corresponding (F) and 
tional quantum number was determined for each 


1-+-§ in em‘, are 


By applying the quantum integral, 


’ aset of 


values of energy vibra- 


= x 35 40 


Ficure 2. Energy contour diagram for He. 
g 7 . 2 


of a few large values of the rotationa! 
number. In table 2 
are given together with the maximum 
for differs 


these correspond 


mum values of the energy (F 
of J(J--1 The data were 
the constant energy lines in the v vers 


used to 


¢ram in figure 2. 


TABLE 2 Corre sponding ralues of v, Jid 


obtatned by evaluating pdq 


that over a wide ral 


results of the 


shows 


Table 3 
values the numerical 
just described are in cood agreement 
rotational energy formula (eq 2.17) whe 
term, corresponding to a geometric s 
tinuation, is included. For the large: 


J there are appreciable differences; vel 
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ed how large the final term of eq 2.17 3. Details of the Calculations and Results 


3° cases, it seems surprising that the 
cies between F (table 2) and F (eq 2.17 . In the evaluation of the series of section U1, | 
all as they are. In another publication lor the calculation of the thermal properties, 
re rapidly converging series representing direct summation was employed for temperatures 
as a function of the rotational energy below 2,000° K. Phe resulting values to 2,000 
a K for the various thermodynamic functions S 


H°— E,, (F°—k,)/T, and C,° for the ideal 


gas state at one atmosphere pressure are tabu- 


suggested. 


Comparison of rotational-vibrational energies 
from table 2 and from equation 2.17 lated in tables 4, 5, and 6, for H,, HD, and D,. 

For n-H, for temperatures above 2,000° K, the 

contributions due to levels below 25.000 em! 
were calculated by direct summation, whereas for 
levels above 25,000 em! a less laborious method 
was used involving the determination of the 
number of levels within successive equal steps of 
2,000 em~" in the rotational vibrational energy, 
using the results of the calculations of the last 


section which led to figures 1 and 2. For these 


modynamie functions for He in the ideal gaseous state 
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PABLI 


, 


crions 


jor Hb an the 


« nuclear spin 


nodynan 


S 


deal 


higher levels having characteristic tem 
above 36,000° K, the exact placement 
individual level is not important for ca 
up to 5,000° K. 

Figure 1 shows that the effective 
energy curves for rotational quantum 
other than 0 have broad potential energ 
above the minimum dissociation energy 
em~', for J=0. Asa result there are aboy 
cm~', the minimum dissociation energy, 
rotational-vibrational levels belonging 
sequences of levels below 38,296 cm 
states are represented by the points in 
between the dashed curve and the full | 


sociation energy curve passing through 
e=15.1) and (J=32.5, v 


It seemed proper to include in the cal 


of the thermal properties of hydrogen above 2.0 
K these quantized or partially quantized rotat 
al-vibrational states. The values of the th 
dynamic functions for n-H, from 2,000° to 5,000 
in tuble 4 are based on this convention 

The effect of the quantized rotational-vibrat 
al levels above the minimum dissociation e1 
of H, on the most sensitive of the functions 
culated, namely the molecular heat capa 
represented in figure 3. Curve «A represent 


l) n the ideal gaseous state 


clude nuclear spit 
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2000 
T 


specific 


( ade al GAaSCoUs 


heat 


ional levels above the minimum dis- 


capacity if the quantized rota- 
ergy are included as molecular levels, 
represents the molecular heat capac- 
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is 


3000 
°K 


4000 


heat of normal hud ogen at constant pres 


itv if the molecular levels are regarded as extend- 
ing only up to the minimum dissociation energy 


In table 7 
dynamic functions for n-H, based on calculations 


are tabulated the values of the thermo- 


involving only energy levels below the minimum 
dissociation energy. 


For convenience in the calculation of the thermo- 


dynamic functions of the real gas n-H,, values for 


n-H1, in the ideal gas state at all temperatures for 
entries in the tables of PVT data 
were obtained from table 4 by interpolation and 
The interpolated values 


Which there are 


are tabulated in table 8. 
of S°, f°. FE) /T, 


and €° agree to within 


with values that would have been ob- 
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tained by direct summation. In the case of Paste 8. Thermodynamic functions for 1 
, . ° . the ideal aqaseous state Conti: v 
Hl E,, the agreement is within three in the y ontin 
last digit carried. 
F°_] 
r s H 
1 
TABLE S&S Thermodynamic functions for normal H, wn 
nl mole i mole 
the ideal gaseous state k ree nea J 
i) 1, 550. 85 25 
Values for S° and I I T include nuclear spin 40) 1. 626. 06 25. 704 
2m 1, 604. 47 25, 981 
} P a0) 1, 762. 33 2. 24 
| S ii I 1 c 270 1, 830. 49 26. 502 « 
‘ Ne cal mole cal mole 2st) 3. SSL 1 2h. 749 
A deg cal mole deg deg sO) 34.005 2 27. 217 \ 
le 17. 42 $473 2 G00 +. O68 m1) 4.452 2 27. 6 
Is Is. 52 445. 40s 0. 5S +. Wis 40) 4. S72 2, 2s. OOS 
0 19. 050 53. 344 1. 382 4+. O68 te) iy 2 20 %. 457 
yr 4 19. 524 ‘i. UNO Oil 1 Os 
24 19. OM 73. 25 1. 40 +. 8 iN) 35, 46 2, 591. 53 On. 82t 
wn 36. 008 2, 730. G5 1 
om a) ‘R35. 151 O16 1. OOS a wi. 44 2, 870. 5 20. 4G 
os OY. 722 O38. OST 6. 683 +. OOS 40 $6. 60S + O10. 14 20, SOF 
4) 21. O04 13. O22 7 Aa0 1. 06S win) 6. O79 3, 140,85 “1 
2 2 s 412.050 & 460) 1 4S 
uM | On 422. 806 0. 24s 1 06S int) 7. 276 $, 280. 62 Ww). 422 
“Me 7. Ml + 420. 46 0. 702 
“ 2 71 9. 047 1. 46S m1) 7.83 WO 34 0” 
ts 2) oy 10. S&T + OOS 0 S100 09. 2s 1.2 
i) 4 $52. 70 1 unu ww) IS. GHD 5, S49. 30 1. 4s 
42 22. 737 162. 643 1 u70 
“4 2 iss $72. SKS 4 071 580 38. 600 3, GSO. 36 1. 722 
4 600 i&. ASS 4,129 51 31.9 
" 2 lsu {82.527 12 #090 1 “7 ‘i wy ue 4,480.19 2. uM 
1s 7 40 w2. 474 13. 140 107 
“) 2. 42. 42 1 Nee | 107s 
2 23. 798 12. 384 13. 044 1 Os? ; 
‘ 23. 98 22. 351 i4. 31 4. ss The contributions to the entropy and t 
7: lated free energy functions arising from 
‘ 4 168 2 327 14. 662 4.491 i mr. s 
s 24.34 M42. 31 14. 008 4. GON nuclear spins, (2) the triple degeneracy ol th 
mu) 24. Sl 5A2. 318 15. 7 On . . . . | 
- re est rotational state of o-H, and p-D,, and 
' A491 ry) " 16. 082 020 Aa . : . 
\ nN fare. 6:22 16, 679 6 mixing of the ortho and para varieties in »-I! 
’ - n-D, have been included through eq 2.5, 24, 2 
25, 430 #28. O22 ys Th { . ; 
“ 25, ie AA. 638 7.70 14s and 2.16 in all the tables. A comparison o 
- 2 “7 5 ] t a2 " - . 2 awe . , . j 
ape a 2 : entropies and free energies of hydrogen and « 
4) AS 05. 660 Is. T4I ; . t al 
” 2h. SiS 732. 122 1%. 161 2 um calculated from calorimetric data with 
: . ; in the tables must take into account the deg 
100 27.14 & Ol 10. 54 f ; , ; ; 
0 o7 408 86. 05 » 922 “ acies existing in the solid state at the low 
il 27.4 s! a} 20. Oh ‘ 2 . . m. ae . 
, sa , - erature of the calorimetric measurements 
r) “4 wu Aw. N05 ay e 
re ‘ 860. GON 20. 04 678 must accordingly be added to the calorim 
: ues of entropy calculated from data extending! 
? SoM SUS. 17 2 ~ 748 : by 
10 on. ¢ 127. ON 21.479 816 10° K to higher temperatures, the entrot 
— 156. BBE 21. 747 RNS i I 
: ' ws table 9. In calculations concerning chem 
r +14 Os ; 2 00 My p 
‘ ’ 15. 80 22. 251 6.008 actions above room temperature nuclear s 
tropies are customarily omitted for all co 
4 “4 1,045. 99 22 488 6. O67 . . 
6 076.47 99 Tt 6.12 of the reactions. 
i +a 7. 22 2 ae 6177 rr : : . 
: : - lo obtain entropies of n-H,, HD 
i i. 2 23.149 6. 22s . 
04 2 th. 270 suitable for such use above room tel 
: -47 there should be subtracted from tabl 
Ist) ‘ 1 2 7 6. 304 
T <M 6. 44 the entropies PR In (24,41) (242) w! 
aM) Hilt 4. 468 18 ° 
‘ = ‘ and 7, are the two nuclear spins with 
' ' e OS ‘ ~ ss 
25 ‘ 2 6. 638 ecule [14]. For n-H, this is equal to / 


Journal of Research 





Low-te m perature (10° K 


Ortho 
Odd 
st rotational level 1 5 ! 


Para 
Even 


we 


n weight, seeeq23and 1 


R Y=4 cal R 


deg 


entropy In Hit) 


mole 


n-H, 


1.117 cal mole 
5 cal mole! deg- 


4.392 cal mole 


Riin 4 sin3 
4 Rin 9=3.27 
Rin 4444 In 3 


3.560 cal mole™! 
4.366 cal 


deg'; for HD, R ln 6 
for n-D., R In 9 


( i] mol 

deg and mole i 
The reliability to be expected in thermody- 

namic functions for the ideal gas state calculated 


from spectroscopic data has been considered by 


earlier writers on the basis of the reliability of 
spectroscopic constants and the gas constant 7. 
lhe former estimate of one or two hundredths 
fa calorie ' for the probable error 

the free energy function, specific heat and 
Over much of the 


ied 
r 
deg 


mole 
utropy, appears reasonable. 
temperature range it is probably a more liberal 
estimate than necessary, as More recent and pre- 
better spectroscopic data and values 


A 


ger allowance may be necessary for the higher 


sumably 


for the physical constants have been used, 


temperatures, however, possibly twice as much 
K 
lhe results of the present calculations below 


2.000° K are in fairly close agreement with those 
i Giauque [4], Johnston and Long [18], Davis 
117], and il. [28]. 
K the effect of the new calculations 


d Johnston Wagman, et ¢ 
\bove 2.000 
ithe high retational levels of H, is apparent. 
This can be seen in figure 3 in which the results 
{ Davis and Johnston (curve C) for the specific 
the property 
d, are compared with table values of this 
irves A and B). 
table 4, is based on the inclusion of the 
rotational-vibrational levels above the 


at ol most sensitive 


hydrogen, 


Curve AA, correspond- 


dissociation energy as molecular levels, 


B, corresponding to table 7, is based 


vels below the minimum dissociation 


of Hydrogen 


entropy contributions arising from rotational and nuclear-spin degeneracies 


Only 1 
Both odd and even 


In 6=3.560 cal 


Ring 
mole 


1.06 cal 


mol deg deg 


7] 


1.265 cal mole”! deg 
829 cal mole 


deg In 2 


In 2 deg 


5.094 cal mol 


In figure 3 are plotted also a large number of 


scattered points representing the experimental 
observations of many investigators. 
40 to 46, 50. 51. 56). 


heats were reported, they have been plotted for 


[33 to 37, 


In cases where mean specific 


the mean temperatures of the experimental in- 
tervals. At room temperatures and below, the 
theoretical and experimental specific heats are in 
good agreement, as has been the case since the 
correct treatment of the ortho and para forms by 
Dennison [1] in 1927. Above 1,200° K the ob- 
servations obtained by the explosion method lie 
above the theoretical curve. The difficulties of 
the explosion method are great and the accuracy 
not high [53], consequently the authors feel that 
the calculated curve and table are more reliable. 


f 


‘la- 


At atmospheric pressure and a temperature 
2,000° K, there is a small but perceptible disso 
tion of H., HD, and D,. As the heat of dissox 
tion of hydrogen is large there are significant 


‘la- 


differences between the calculated properties of 
molecular H., HD, and Dz, tables 4 to 6, and the 
At 2,000 
K the table value of ©, for molecular //, is 8.195 
cal mole”! deg~', whereas for an ideal gas mixture of 


properties of the dissociating gases. 


molecular and atomic hydrogen in equilibrium 
at atmospheric pressure the value is 8.797, a 


For HD and 


D). the differences between the two specific heats 


difference of 0.60 cal mole! deg 


are 0.41 and 0.57 cal mole! deg™', respectively. 
The effect of pressure upon the specific heat of 
dissociating hydrogen is illustrated in figure 4 and 
discussed in section II]. At temperatures where 
there is appreciable dissociation of HD, equilib- 


rium mixtures of H., HD, and Ds, are established. 
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III. Equilibrium Constants for Dissociation, 
Isotopic Exchange, and Ortho-Para 
Conversion 


The equilibrium constant A’ of a gaseous reac- 
tion 


8, B, ; 8.B, | 8.B,.... (3.1) 


l 


in which each of the participating gases .,,A, 
~. » «= BnBs «§ « »« Bee the 
state PV=RT, 


of the gases and to their free energies, /*, at unit 


equation of 
is related to the partial pressures 


pressure by the equation 


PERPEPE 


EP EP f 


RT \n RTink 


28, F5,—Sa;F,. AF*. (3.2) 
Equilibrium constants for dissociation, isotopic 
exchange,” and ortho-para conversion of hydrogen 
may be calculated by using the (F°—E,)/T 
1.5,and 6. £ 
energy per mole of molecules without translational 
0 and 


values of tables is the internal 


motion in the lowest energy level J=0, ¢ 
in the ideal gas state, and F°® is for the ideal 


Equilibrium HH), and 





gas state and a pressure of | 


(F°-—-F,)/T mstead of F*, 


I EE.) AE, 


Rin kK=<A 
The values of AF,° for the reactions 
in this section are given by the spect 
data used in the previous section. U; 
energy values as given in the tables of t] 
the atmosphere is the unit of pressure fo 


P in the mass action law, 
Bip &ps 

PpPaPp,.-..- 

Ee ee de on 


k. 


ideal 


be taken into account by use of fuga 


Deviations from the laws of 


activities in place of partial pressures 
forms of eq 3.2, 3.3, and 3.4 for A are 
When fugacities or activities are substit 
partial pressures, F* becomes the free en 
unit fugacity or activity. For a fuller dise 
of the use of fugacities and activities th 
is referred to references [29 to 32] 

The entropies of monatomic H and D 


entropies besides the entropy of translat 
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383) must include the nuclear and electro: 


n used with table values of the entropy 
of molecular H., HD, and Daz, 
Heulation of equilibrium constants for 
on. Accordingly for H, 


energy 


-2 2663 and 


S 
R 


1.6777 (3.6) 


deal gas state at a pressure of 1 atm for 


of temperatures covered by the tables, 
l. Dissociation of H., D., and HD 


‘he chemical equations for dissociation and the 


rresponding Mass action equations are 


Pi 


Hi. 2 1; Py. 


Ky. 


/ 
Pp, 


ly 1). 527): Kp, 


Pulp 
HD: HD; ; 
Pup 


Kup. (3.9) 
For these reactions, AF, of eq 3.3 is the dif- 
nce between the internal energy of 2 moles of 
sociated atoms and 1 mole of molecules in the 
mnal-vibrational state J=0,7—0. Beutler’s 
21], 36,116 was accepted for the 

on of H 

the total depth of the potential energy 

the same for H., HD, and D., the disso- 

on energies of HD and D, were obtained from 


6 em 


from its ground state. Assum- 


fero-pomnt Vv ibrational energies. These zero 
nergies were calculated by adding to @, 
2.17), the Dunham [10] 


n the energy of the ground state relative 


term which 
ittom of the potential energy curve and 
d yo in his system. The values thus 
for the zero point energies of H., HD, 
ere respectively 2,179.6, 1,891.0, 1,546.6 
the corresponding energies of dissocia- 
1D) and D, from the ground state 36,404,, 
i, em”', respectively. 


Properties of Hydrogen 


The heats of dissociation of H., HD, and Dz, in 
the ideal gas state at temperature 7 are equal to 
AE,+5RT— (11°—E,), (H1°—E,) is the 
table value of the enthalpy at temperature 7. 
The heats of dissociation at 0° and 298.16° K are 
given in table 11. 


where 


The theoretical value for the 
heat of dissociation of n-H, at 298° K agrees well 
105,000 43,500 cal 


mole-! obtained by Bichow skv and Copeland [47]. 


with the calorimetric value 

On the assumption that the atomic and molecu- 
lar forms of hydrogen and deuterium are individu- 
ally ideal gases, the fraction of the originally totally 
nondissociated hydrogen which has dissociated is 
VA (KG 


and 7? is the total pressure in atmospheres. 


17’), where A is the dissociation constant 


The dissociation constants A and fractions of 
originally undissoeiated diatomic molecules, dis- 
sociated at l-atmosphere pressure, are given in 
table 10 for H., HD, and Ds. 

The experimental values of the equilibrium dis- 
sociation constants of H, as determined by Lang- 
muir and Mackay [32], and by Langmuir [39], are 
in agreement with the theoretical values of table 
g-values are 0.17 


10. Langmuir’s percent at 


TABLE 10, 


dissociated, x, at 1-atm pressure 


Dissociation constants, K, and fraction 


For Hy72H 





2 000° K, 
3,000 


1.6 percent at 2 500° K.. 7.2 percent at 


K, and 21 percent at 3,500° K. 


TABLE 11. Heats of dissociation of H,, HD, and Dy, im 


cal mole ! 


104, 004 105, 048 14. 877 104, O41 


104, 992 105, 962 105, 962 105, 962 


103, 239 1, Gow 102, GSS 


14, 191 104, 173 14, 177 


An equation of state for 1 mole of molecular 
H., HD, or 
atoms when completely 
as before that atoms and molecules individually 


DD, capable of forming 2 moles of 
dissociated, assuming 


behave as ideal gases, is 


PV K 
RT '*\VK+4P 


AV ( | 


RT 
SRT cy)’ 


~16 5+? 
\ 1+ 16 pe 
where A is a function of 7 determined by eq Bet 


and V 


or combined as molecules. 


is the volume per 2.V) atoms uncombined 


The thermodynamic properties of an equilibrium 
mixture of atomic and molecular hydrogen in the 
ideal gas state can in principle be calculated from 
the properties of atomic hydrogen at low pressures 
and the equation of state (eq 3.10) or (eq. 3.11 
It is simpler, however, to determine the properties 
of the mixture from the properties of the atomic 
and molecular varieties and the fraction disso- 
ciated. 

The equation given by Epstein [50] for the heat 
capacity of a reacting gas mixture, when applied 
to the heat capacity of an equilibrium mixture 
of atomic and molecular hydrogen, is 


molecular 


where « is the fraction of the originally totally 
nondissociated hydrogen that has dissociated, 


C)etemte and (¢ 


mole of atoms and molecules respectively in the 


ideal gas state, and (¢ 


motecutar 2re heat capacities per 


mixture IS for a mixture 


containing 2.V) of atoms combined or unc: 
the components being in the ideal ga 
(C)mixture IS a function of P as well as 7's 
a function of P. In figure 4, curves D, ¢ 
show the variation of (C°/R)mixture for 
temperature for pressures of 0.01, 1, 
atmospheres, respectively. Curve A di 
comparison is the heat capacity of | 
undissociated Hy, that is, (C)/R)mo. 
appears from these curves that when dissocia: 
has its greatest importance, thermal off, 
originating in other ways are likely to be dwa; 


Wildt [19] has calculated 
ratio of specific heats of hydrogen at high temp 


by comparison. 


tures using principles similar to those emph 
here. The results obtained have applicatior 


stellar atmospheres. 
2. Ortho-Para Equilibrium 


P, a, (eit x. 


o-HySsp-Hy, | = 
0-H» O- 2 


Pe Dy ( o-D, 
Fe Do 


p-D.s50-D,, ) K 


p-D, 
The equilibrium constants of the ortho- 
conversion of H, and D, in the ideal gas stat 
independent of ?. Accordingly, pressure docs 
appreciably change the ortho-para ratio 
Although the lowest 
tional levels of the ortho and para varieties : 


equilibrium conditions. 


Ak; for the two reactions (eq 3.13 and | 
is zero, because in the calculations for bot! 
ortho and para varieties the ground stat: 
molecule, J=0 and r=0, was arbitrarily s 
as the origin of energies. 

In table 12 are given values of the per 
para composition in the ideal gas state o! 
librium mixtures of ortho-para varieties cal 
from the state-sums, Sqje~ &/*? 
2.14. 


earlier values obtained by Harkness and Det 


) 


, See eq 2.2 


; 


These values are in close agreeme! 


[11] and are in agreement with the variation 
the relative intensities of the ortho-para 
lines and with estimates of the ortho-para 
sitions based on measurements of therma! co! 
tion from heated wires. The success in ey 
the heat capacity of gaseous hydrogen at ! 
and low temperatures is also corroborating 
dence for table 12 [48]. 
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Figure 5. The equilibrium constant for H,+ D,@2HD. 


Ortho-para composition at eq stlibrium 


3. Isotopic Exchange 


emical and mass action equations for 


change ure 

Pi (HD)? 

1). ? ): Hb » 
HI ’Pu,Po, H.) D,) 


operties of Hydrogen 


| (+>. 


The equilibrium constant K,, of the isotopic 
exchange reaction (eq 3.15) is related to the dis- 
sociation constants AY of eq 3.7, 3.8, and 3.9 by 
the equation 
Ku,Ko, 

Ki 


The equilibrium constant A, for isotopic exchange 


| 


in the ideal gas state is independent of 7, and 
accordingly the relative equilibrium concentra- 
tions of H., HD, and D, are also independent of 
pressure in the ideal gas state. For this reaction 
the A/S of eq 3.3, the difference between twice 
the energy of the ground state of HD minus the 
sum of the energies of the ground states of H, 
and D,, is equal to twice the zero-point vibra- 
tional energy of HD minus the sum of the zero- 
point vibrational energies of H, and D,. Using 
the values given in section IIT, 1 for the zero point 
energies, A/S is 159.5 cal for the formation of 
2 moles of HD. 

In figure 5 are plotted experimental values of 
K,,, whereas the curve was derived from spectro- 
scopic data as has been indicated. The data of 
Rittenberg, Bleakney, and Urey [54] were ob- 
tained from measurements on hydrogen-deuterium 
mixtures prepared by the decomposition of mix- 
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tures of HI and DI, and those of Gould, Bleakney, 
and Taylor [55) were obtained with mixtures of 
hvdrogen and deuterium that had been adsorbed 
on various catalysts or had been diffused through 
palladium. Some of the observations of Gould, 
Bleakney, and Taylor plotted in figure 5 were not 

plotted by them in their published article 
Although the theoretical curve of figure 5 is 
thought to be more reliable than the experimental 
data, it is to be pointed out that the uncertainties 
in the zero-point energies of H,, HD, and D, can 
Thus 


' which is equivalent 


give rise to perceptible shifts in the curve. 
a change in AF, of 3 cal mole 
to about | em In 2(Gio) wp” (Go) 2” (Go) no. 
changes A,, by about 1.5 percent at 100° Kk. It 
seems doubtful that A/¢, is known better than to a 
very few calories per mole, for while it is plausible 
it isapparently not certain that //,, the dissociation 
energy above the minimum of the potential energy 
curve, is so nearly the same for H,, HD, and D, 
25). The theoretical values of Urey and Ritten- 


, 


berg [13] are, therefore, practically as reliable as 


the newly calculated ones. 


IV. PVT Data and Relations for 
Hydrogen and Deuterium 


In order to caleulate the thermodynamic prop- 
erties of gaseous hydrogen at high densities (in 
principle at any densities other than very low 
from values of the properties for the hypothetical 
ideal gaseous state, it is necessary to have informa- 
tion concerning the relations between pressure, 
volume, and temperature for each temperature 
in question extending from very low to high 


densities. 
1. Hydrogen 
The available PVT 


between 14 and 700 kK. 


data for hydrogen fall 
They consist, in gen- 
eral, of measurements of volume of known amounts 
of gas at several different pressures along selected 
isotherms. The quantities usually reported are 


values of PV or PVOP,V, at the measured pres- 


sures or densities. In this report this in 
is presented in the form of tables in whi 
values of the variables of state are spa 
enough to allow accurate interpolation 

variable Z appeari 
Through the definit 


The dependent 
tables is PV RT. 
this quantity has the value 1 at extr 
densities, and it is of the same order of 1 
over a very extended range of densi 
independent variables chosen are 7, the K 
temperature, and p, the Amagat density, w! 
defined as the ratio of the observed density 
density at standard conditions (0°C and 
phere). Density was chosen as an ind 
variable of state in preference to pressure by 
this resulted in simpler representatior 
PV PT isotherms. The Amagat density 
the ratio of the volume Vy of the gas at stay 


conditions to its observed volume. 


observed density 
density at standard conditions 


The best value for V, the molar volume « 


gen at standard conditions, is 22.4279 


22428.5 om according to the values of 


obtained by Cragoe [90] and the value of 7’! 
for hvdrogen at standard conditions as 
Cragoe and the present correlation. TI 
of hydrogen at standard conditions is 0.0%» 
gram liter ~'. 

Values of PVIRT, or Z for n-H, ar 
table 13 for different values of 7 and 
responding values of P and of the dd: 
IZ/AT),, (PZ dT*), and (dZ/dp)r needed 
calculation of some of the more important t 
properties of the real gas from ideal gas v: 
section V) are given as functions of 
variables of state p and 7 in tables 14, 15 
17, respectively. The temperature intet 
are of graduated size, being as small as 2 
at low temperatures and as much as 20 « 
0° C. The density intervals, except for 
6, and 10, are uniformly eq 
0 to p= 500. 


p=1, 2, 3, 


Amagats from p 
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he O1l7_s 1, 052. 2 } ORT 1 24.7 l 62.9 
es 1017 1, 05). € 1, 085. 2 1, 121.0 1 x0 
M0 LOSS 1, O48. 4 O82. | l 6.9 1142.9 Py 
wu Loo 1,045.8 O7S.¢ 1, 112. ¢ 17. ¢ 
s) 10 ; 142.9 074.9 1, 108.0 42 
“) oo9 1. 030.8 LOTLO 1. 10 1 wt 
" 1, 006.9 Ose 067.0 1, OOS 1, 131. ¢ 
“ 1M? 1, 033 62.4 1, 093. 7 1,12 1 
4a LooL? 1, 029.6 1. OSS 1 OSA 119.9% 
st) Vos. 2 1, 026.0 1, O04. ¢ 1, 084.0 1,114.4 
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1,471 X10 
1,478 
1,484 
1, 489 
1, 49 

ii" 

1, 497 
1, 408 
1, 497 
1, 495 
1, 404. 2 
1,491.9 

im. | 

iS3. 2 
1, 472 

wine 
1, 445.0 
1, 439. ¢ 
1, 422.3 
1,400.4 
1. 306, 8 
1, 384 
1, 372. 4 

in) 
1, 349.4 
1, 338.4 
1. 327 
7.4 
1,307.4 
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Many thermodynamic equations involve de- precision. The data used [59, 61, 63, 65. 66. ¢ 


rivatives in which ?, Vy and 7 are the variables of 70 to 74, 76, 79, 81, 85, 88, 91, 177] are plotte, 
state. Applications of the tables of this paper in figure 6 with the exception of a few observa: 
which the variables are Z, p, and 7 to calculations at temperatures below 29° K and at densit 
of properties involving derivatives in which the lower than p= 10, which were omitted becaus 
variables are 7, Vy and 7 may be facilitated by these regions of low precision the scatte 

means of equations relating the ?, V, 7 and the great that the points would be confusing 

Z, p, T derivatives. The following are adequate A lower boundary to the @ versus p gas-li 
for many ordinary uses: diagram in figure 6 is furnished by the va 


rT /d] - 2 ra liquid saturation line and the freezing ey 

( 4 ( . ¢ y ( a hl . . > - 
i ) 1+ hese are represented in figure 6 by dashed 

I (17 r (Sr), >( Sy z(ir) The saturation line for the vapor rises st 

onto the diagram at low densities and with 

V (dP p (dP p (dz 7 creasing slope approaches tangeney to the er 

—play . pl dp ) I+ 5 ( dp ) (4.3) isotherm at the critical point which is indi 

by an asterisk. The saturation line for |i 

alts ™ 1+ r 7), hydrogen is a nearly straight and horizontal 

‘is fs .) ( ve p(so) — ZuT from a density somewhat greater than the eri 

V\dT/p p\dT/]p V\dPSJe _p(dZ to the triple point. The freezing curve, w! 

1+ Z : 


dp rT represents the values of o for liquid When { 4 
at given temperature the pressure is great enow . 
The Joule-Thomson coefficient u may be utilized to cause the liquid to freeze, rises nearly verti 
to illustrate the use of these formulas. Thus for from the triple point and bends towards hig 
purposes of calculations with the tables of this densities. , : 
paper, the familiar equation Phe saturation curve = the vapor sid 
obtained with the help of the vapor press 
equation (eq 7.2) and the PVT represent 
P (Sp), V aks El —1} (4.5) given by eq 4.14 and table 19. On the liquid - 
uP) Vv (ur) it was obtained from the same vapor press 
is put in the form equation and the volumes of the liquid at sat 
ation pressure, given in table 31 and discuss 
jae , 1+ i 3 section VIII. The freezing curve was obt 
x (SS Vi Z a] (4.6) from the melting point-pressure relations ¢ 
CP lu PCr) a (>? in table 30 combined with extrapolations | 
Z\dp/r on the higher density observations of Bartho 
where V4 is the molar volume of hydrogen at for the isotherms of the liquid which ar 
standard conditions and (', is the molar heat table 32 
capacity at the given conditions of JT and P or The isothermal curves of figure 6 represe! 
T and p table values. The curves are not necessa! 
In correlating the PVT data for hydrogen the best fit for the experimental data for cac! 
function , vidual isotherm inasmuch as the curves and 
T V PY - values are the result of correlating all tl 
a we login RT (4.4) and include the temperature dependence 
while it does not affect the reiative posit 
was used, where 7) is the Kelvin temperature of points on one isotherm, may shift  t! 
the ice point. Reported temperatures were re- isotherm somewhat. Isotherms that 
duced wherever possible to a thermodynamic scale upon only a few individual observation 
having the ice point temperature 273.16°. All ered only a small range of densities were vive “Hy 
available data were considered in this work but weight than others. For a given isotherm 
only those appearing most reliable were used and at higher densities, corresponding to larze! ; 
these were weighted according to their apparent ations from the ideal gas law, were usually ¢ 
Pro) 
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FiGuRE 6 Plot of PVT data for H, in the fluid states 
- ight than data at low densities. In fact of penetration of the containers by hydrogen. At 
some instances the low density data were given very low temperatures the deviations from the 
' wey woeht. Data at the highest temperatures ideal gas law have not been measured very pre- 
ye donot appear to be very reliable, probably because cisely because the pressure range over which 
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measurements can be made is limited by condensa- 
tion 

Cragoe has shown that for densities up to p= 500 
the 0° C 


aecuraey 


isotherm is fitted to within experimental 
by the equation ¢=4b+ep. Figure 6 
shows that, although this linear relation between 
o and p fails at low temperatures, it is valid within 
experimental error over a considerable range of 
temperatures above 200° K. This relation was 
made the basis for the correlation of the PVT data 
above 0° C 


relating the data below 0° C is deseribed under (b). 


The different method used for cor- 


(a) Region Above 0° C 


Above 0° C, equations of the form o=b+ ep 
were fitted to the PVT data plotted in figure 6, 
and 6b and ¢, the intercept and slope of an iso- 
thermal line, were determined as functions of 7. 
The quantity Z—PV/RT 


function of 7’ and p, 


thus obtained as a 


PV RT exp 2.50259 £ [hi T)p +e T)p*| 


exp [B(T)p+C(T)p*}, 4.8) 
was used for the calculation of the tables of Z, 
P, (dZ/dp)7, (dZ/dT),, and (d?7Z/dT*),. 

Before fitting funetions of 7 to 6 and ec, small 
corrections were applied to some of the data. A 
constant error in 7 and constant factor errors 
along an isotherm in 7’, V, and the number of 
moles of gas, cause deviations from the true iso- 
therm that are very nearly proportional to 1/p 
Such hyperbolic deviations from a straight line 
ure most easily detected in data extending from 
low to high densities. A change in V by 0.2 per- 
cent is sufficient to considerably straighten the 
573.16° K 300 Cc Wiebe and 


Gaddy, and raise the line drawn through their 


isotherm = of 
adjusted data so that it intersects the o axis of 
figure 6 only 0.7 unit below the table line for 
573.16° WK and crosses the table line at p=—550 
Wiebe and Gaddy call attention in their paper to 
an estimated error of 0.05 to 0.10 percent in the 
volume of their high pressure steel pipette at 
200° and 300° C. It would seem that some part 
of the 0.2-percent adjustment, which straightens 
the 300° C 
be attributed to small temperature and pressure 


isotherm of Wiebe and Gaddy, might 


errors and to some loss of hydrogen in the steel 
Hyperbolic adjustments proportional to 1 /p of 
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Bartlett’s higher temperature data straig|:ten 4) 
isotherms and improve their agreement \ ith ; 


tt 
lines representing the tables. A comparison of (i, 
observations of Michels, Nijhoff, and Gerver 7 
at different temperatures for nearly const we 


values of p, revealed apparent small hy pert, 
trends of the data for the separate isotl 
superposed on one larger though small ran 
pattern of seattering common to all their 
Using their 0° C 
line, their other data were adjusted to remoy 9 


therms. isotherm as a refe) 


hyperbolic deviations. The points of fig 
represent reported data adjusted only to 
Kelvin seale having 273.16° at the ice point 
Least square determinations were made of 
straight lines fitting the adjusted o versus 
thermal data for the different observers separa! 
From these, values of intercept 6 and slo 
were obtained for the different observers at 


Holborn’s 


‘, however, were used only for obta 


temperature of measurement. 
above 0° ¢ 
intercepts, the slopes of adjacent isotherms 
other observers being used with his data 


Expanding the exponential of eq 4.8, 


PV/RT=1+4 Bo+[(1/2) B?+ C]p?+[(1/6) BY + bi 
+ [(1/24) BY+ (1/2)C?+ (1/2) BC] p* 


shows that / (7) is the seeond virial coet! 
and that a correlation of intercepts 6 of o-isot! 
is essentially a correlation of values of the s 
virial coefficients of hydrogen. Formulas ex 
ing the dependence of the second virial coe!! 
on temperature have been derived theoret 
on the assumption of sunple laws of inter 
ular forces. One of the most satisfactory 

ulas is based on a law of intermolecular fo1 
the form A,ro"—A,7°™ and is due to Ls 

the Lennard-! 


Jones. For » 3 and m=7, 


formula for / is 
B= B,T"*+ B.T 34+ B,7 . 


where all the coefficients /, of this infinite » 
are determined by \, and X,,. Following ess 
ssful'y by F. G. kh 


[S9], we used only the first three termes 


ally oT | procedure used suc 
series and selected values for /,, /. 
which resulted in the best fit of a three cons 
equation with the mtereepts of the e-isot 
Our formula, 


B=0.0055478 T>'“4— 0.036877 T -°4— 0.220041 
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tended for use above 0° C, passes through the 
th 1 nercep! of the 50° C 
b. correlation below 0° 


er I'he 


isotherm determined by 
Cc. 

pes of the o-isotherms were represented 
erm empirical formula without theoreti- 
rt »| justification, except that it involves powers of 


therms vhicl 


nake ¢ ‘go to zero as 7 grows very large 


('=0.004788T 0.040537 $4.12) 
onents of 7’ were chosen so as to simplify 
temperature function coefficients in the power 
po of eq 4.9. 
from 


600° been 


uM soputed on the basis of these formulas, 


tables 270° to K have 


and in 


ONT 


Te Ve 


rl Piaure 7 1 plot of PVT d 


the derivatives 


lated have been calculated analytically. 


lemperature range various 
| vas not until considerably after the prepara- 

{the tables on hydrogen that we were able to 

ne the data of Michels and Goudeket pub- 
Physica 1941 [91] 
I, are shown as solid circles in figure 7 
tables represented by the solid straight 


Values of o for these 


> 


e agreement for H, is not complete but 
i) rly satisfactory at moderate densities. At 
there 
which 


nsities are roughly 
of the 
small sys- 


If 


SVs- 


discrepancies, 
the 
resulting from 


have 


” c 


appearance 
rbolie deviations 
rrors discussed earlier in this section. 
to 


lie error in the volume, the error amounts to 


1] ’ hyperbohe deviation is attributed a 


eseare 
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0.06 percent for the 100° C isotherm, and for the 
other isotherms it is of this approximate magnitude 
or smaller. At low densities the deviation for the 
eo" Cc 


On the other hand, it will be seen that there is a 


isotherm does not appear to be systematic 


systematic deviation at densities greater than 500 
with the experimental values for ¢ less than those 
obtained by linear extrapolation from the interme- 
diate densities. This trend is supported by the high 
pressure data of Kohnstamm and Walstra [61,81], 
also shown in the figure. If the representation of 
the o isotherm by an equation is extended beyond 
5OO, it be 


quadratic term in the expression for ¢. 


p will necessary to include a small 


ane 
25°C 
*- ° - 
- te si = - -“ane 
< 30 
<= . 25°C 
* 4 o% . 
. ; Orc 
* : é a,? . 
« ; 
. - — 
ey DATA OF MICHELS & GOUDEKET 
° D» 
ATA OF KOHNSTAMM & WALSTRA 
H, AT 20°C 
¢ 6 ( 800 900 1000 
ata for HH». and D. from O° C te 140° ¢ 


(b) Region Below 0° C 


At low temperatures the o versus p isotherms 
are curved: making it difficult to decide how the 
isotherm should be drawn at low densities where 


the data were meager and the precision was low 
, —— PV 

Another function, 7°°?V)\ ( l ar) plotted 
1" 


peared to be 


against p Vas abscissa gave lines which ap- 
at 
56°K, though there is consider- 
at In 


straight low densities for tem- 
peratures below 


able curvature 


T2V/V,(1 


high densities figure &. 


P\ 
pT) + O.0006p = W Is plotted against 
‘ 


p, the term 0.0006p being added to make isotherms 


nearly horizontal at low densities and thus in- 


crease the seale of the plot. The sensitivity to 
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small changes of PV/RT at p=200 and T7=55° K 
is 1S times greater in figure 8 than in figure 6 and 
200 and T=33° K. The 
curves of figure 8 were drawn to fit the data for 


14 times greater at p 


each particular isothern considered independently, 
and though the curves do not represent the tables 
Below 


precise 


exactly they agree closely with them. 
3I°K the 


enough to determine consistent isothermal curves 


data were not sufficient and 
when the isotherms were considered independently. 
The data lower than 29°K were not plotted be- 
cause the double valued nature of Y causes the 
data below 29° K to fall in the same region on the 
diagram as is covered by the data above 29° K. 


At first it appeared that the critical isotherm in 


figure 8 could be represented by a straight line 


from p equal to zero to p greater than the critical 


density. However, the conditions that (dP?)dV), 


and (2 P)d\"), be zero at the critical point impose 


upon the slope and curvature of the isotherm at 
the critical point the conditions 
(“¥) T: 
dp 1 


l ) t 0.0006, } 


(<¥) 273" : cad ; | 


dp 








In addition, values for the critical temper: 


pressure should satisfy the  vapo. 
equation, 

Only a single determination has been 
the critical temperature and pressure of | 
62]. The 
where between the 2 measured isotherms » 
the time (19 
sidered to be 33.19° A with a certainty 
0.1°, though in 1925 it was stated in a fo 
that 7. shy 


The critical pressur 


critical isotherm was locat 


and 33.29° AK, and was at 


Leiden Communication 172a 


about 0.1° lower. 


from the P versus V isotherms in 1917 wa 


1917 [142] the 
equation of //, above the boiling point wa 


atm. Later in vapor 
the value 12.75 atm deduced 
33.18° A (on basis of 7)= 273.09 
determinations [62] were made of the eritiv 


mined and 
using 7, 


sity based on the extrapolation of the re« 
345. 


Communication 


diameter. These gave p, 


ported in later Leiden 
not in all cases been the latest determined 


The most recently reported Leiden values 


Unless otherv 








Plot 


Figure 8S 


PVT data for 


Ve 


Vv 


at low temperatures. 


Dress 


; 
0 


The valu 


Vil 


Hu 
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K (on basis of 7; 
op. — 0.02909 or p 
rature 33.1° K 
cation 172a is supported by the agree- 


273.16), P. 
344. 
inferred 


12.751 
The lower criti- 
from Leiden 


he vapor pressure 12.81 atm, calculated 


wv pressure equation (eq 7.2) with the 
‘ 


essure determined in 1917 from = the 
\” isotherms. 
ties are encountered in obtaining agree- 


th the experimental PVT data (fig. 8) 


vapor pressure equation (7.2). These critical con- 


stants are listed in table 18. 


TABLE 18. Critical constants of hydrogen 


It seemed reasonable to assume that the iso- 





0.75 


Sh LEIDEN 


7 SCHAFER 
° 





DEUTERIUM 
(A) 








20 30 
Figure 9 


basis of 7.—33.1° and P. 12.81 


inless the critical density is inferred to 


atm, 


Amagat units, instead of the 
values 345 or 344. This difference in 


ensity seemed too large on the basis of 


320. in 


ble precision of the density measurements 
stment has instead been so made and 


| isotherm in figure 8 so drawn that 7, 
This value 


12.98 atm, and p,.=335. 
msistent with the PVT data and with 
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. = 


Inte ce pts and slope s from figure &, 


therms of figure 8 are straight lines up to p= 200 


This assumption was used in correlating the 


observed data below the critical temperature 
where the data were scarce and the precision low 
In figure 9 the intercepts A and the slopes C” of 
the isotherms of figure 8 are plotted as functions 
of the 


was extrapolated smoothly to lower temperatures 


temperature. The curve for the slope 


as slopes could not be obtained from the data 


below 33° A. 
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Also shown in figure 9 are values for A calculated 
from second virial coefficients determined experi- 
mentally by Sehifer [85]. Schifer reported the 
results of his PVT measurements as virial coeffi- 
cients BY(T)=d(PV RT) dP at constant tempera- 
ture and at P=0 (RT? 
V'".)B’(T) obtained from Schifer’s results agree 


The values of A 


well with those obtained from data of the Leiden 
Laboratory as shown by figure 9. Schifer observed 
no consistent difference between the second virial 
coefficients of para hydrogen, normal hydrogen, 
and a one to one mixture of ortho and para 
varieties, 

The equation for the straight part of the y- 
isotherms of figure 8 may be written 


Ts? PY , 
(1 RT) A+ Cp, 


0.0006, C’ being the slopes plotted 
Values 
and their derivatives are given for 


The values of PV R T from 


(4.14) 


where (= ¢ 
in figure 9 of the y-isotherms in figure 8. 
of A and ( 
hydrogen in table 19 


p—0 to p=200 and from 7=14° to T=56° K in 
Paste 19 Hudroqen values of A and ( and derivatives 
in the eq sation for rsotherms 
par (i-Se)=A+e 
F a p 
} R17 
Ay i it A der l than 2" 
I i ( f.idT ( 7 
A A A A A 
‘ i n21 ) 0. OO@8S 
‘ s ‘ OO a2 
s ss O24 “ 
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-< sal tu 7 ‘ 
a4 ~ ‘ TL ? 
n” ~ 74 mun 4 
Ss we 774 (Onney Ith 
TT ~e Te | Is 
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j AS au oo24s M4 
‘ ~ 4 wesD 2s? 
“ ‘ im “ ry a” 
" “79 6.07 OO s 
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0 wu AY (wave 17s 
is i, 42) oOoYy 22 
my OOo “ 
‘ tt MmosT2 tu 
{ ine ( Os the 
4 is 6, OK (ww twit 


430 





TABLE 20 Pre ssure, density, and PV/RT fi 


H, vapor 


1 ~ 
P ' a“ 
AK atm 1 magats et 

4 0.0728 1. 445 is bower 

Ith Qs + he * 

Is ' 7.321 pol 

mt) SAU 13.311 a» no 

22 1. 04 22. 2 s < 

"4 2. M4 a | 

a SUNT) Wm 

as Hus 7s ‘ 

wu) SO10 116, 33 cmo 

2 10. 483 Ist) 4 es 

' 

10 12. WS ’ 
table 13 were calculated using eq 4.14 with tabi yo 
19. Table 20, giving the pressure, density 
value of PV/RT for saturated H, vapor, was | 
pared similarly using the vapor pressure equat R 
for n-H, (eq 7.2). For certain uses eq 4.14 
table 19 may be more convenient than thi 
of PV/RT and its derivatives. 

For temperatures below 56° K and den: 
greater than p=200 where ¥ could not by 
resented by a simple function of p, a tabl ¥ 

Wh 


made of values of ¥ for each p and 7 entry 
Z-table. 


from figure 8 by graphical interpolation. L 


The y-values of this table were obt 


plots of y-isochores, 20 Amagat units apart 
¥ versus 7 graphs were made of values of ¢ 
Values of ¥ at 2-degree int 
A Z(p.T Labl 
calculated from the ¥(p,7) table. 


to 273 


from figure 8. 
were read from the isochores. 
From 56 K, the o-function rathe 
the y¥-function was used because above 56° K 
linear funetions 


o-isotherms approach 


density. The method of graphical interpo 
used below 56° K was used above, also, to 

a table of o-values for the p and 7 entries 0 
7-table. 


was improved by using more sensitive plots : 


The accuracy of graphical interpo 


figure 6 of modified o-functions obtained by addi 

to o simple functions of 7 and p, which brow 

the isotherms and isochores closer together so th! by 
they could be easily plotted to a large s 
Values of o were obtained at densities as hi 
p—500, although between 70° and 200° kK! 
urements were not available at densities this li 
This region was filled in by extrapolat 
curves to higher densities along isothern 
interpolation along isochores between | 
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r temperature regions where there were 


determine the trend. From the o(o,7) 


data 
sl ‘(p,T) table was obtained by calculation. 
The 4(p,7) table obtained through graphical 
terpolation of the ¥ and o@ isotherms as has just 
joon described was smoothed along isotherms and 
along isochores by inspection of second differences. 


In general the Z-tables are smooth to one unit in 
last digit. 


The tables of (dZ/dT), and (dZ/dp)7 below 0° C 


ere for the most part calculated from the 
smoothed Z table by the method of Rutledge 
To) for the calculation of derivatives from 
ooth sets of tabular values of data. In the 


200, where the y 
rsus p isotherms are straight lines, the following 
differentiating eq 4.14, 
19 to calculate the deriva- 


vion below 56° K and p 


obtained by 
used with tabl: 


equations, 


1—Z p dA p dC 


Cin)-2 7 ~ peat Tear 415) 
AZ | 

— A+ 2(C’—0.0006)p]. (4.16) 
(i), ), psi! 0.0006)p]. (4.16 


Where the derivatives could be obtained both by 
method of Rutledge and by eq 4.15 and 4.16, 
The (dZ dp), 


tables were also smoothed along 


agreement was very satisfactory. 
dZ/dT), 
sotherms and isochores by inspection of second 
Terences 
The (P?Z/dT?), table below 0° C 
ughout by the method of Rutledge from the 
oothed (dZ/dT), table and was also smoothed. 
equation for (d?Z/d7"), 


) for the first derivative was considered too 


was obtained 


corresponding to eq 


olved for easy computation. 
ln general, the tables of derivatives are smooth 
the last digit recorded. 


(c) Reliability of Tables of PVT Data 


\ nspecting figures 6 to 8 it Is possible to 

at some general conclusions regarding the 
viations of the observed data from the Z(p,7' 
that, except at low 


It may be noted 


sities, the deviations of the observational 
is of o from the curves representing the table 
of about the same magnitude at different 
usities along a given isotherm up to p= 500. 
Ss means that deviations of (PV/RT l 
it differences of higher order than the fourth are negligibk 
r densities larger deviations occur as shown by figure 
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along an isotherm are approximately proportional 
to the density. At low densities the deviations are 
large because the sensitivity of the ¢ and y plots 
approaches infinity as p approaches zero. It is 
difficult to make an estimate of the probable error 
in PV/RT based on the deviations because, as 
is seen, the greatest deviations are the systematic 
differences between the results of different ob- 
servers and are not accidental errors as should be 
the case if error theory were to apply. The user 
of the tables can make an estimate of the mean 
tabulated 
in any particular region of 


between the observed and 
PV/RT, 


temperature and density by noting the deviations 


difference 
values of 


shown on the graph and from these calculating 
PV/RT. For 


temperatures below 60° A it would be best to use 


the corresponding deviations in 


figure 8 for this purpose as it is plotted to a larger 
scale than is figure 6. 

In constructing the tables for the intermediate 
temperature regions where analytical equations 
of state were not used, just enough digits were 
that 
would be confined to the last digit. 


retained so changes made in smoothing 
As a con- 
siderable amount of smoothing resulted from the 
graphical methods used, many of the irregularities 
in the measured values were not apparent in the 
unsmoothed tables. 

It is believed that throughout the table the 
values were carried out to at least as many 
significant figures as were at all justified by the 
data, and that the last digit recorded should be 
In that part of the 


K which was filled in 


considered very uncertain. 
table between 77° and 200 
by interpolation and extrapolation the last two 
digits should be considered uncertain, the last 
recorded digit being retained to achieve continuity 
with the rest of the table. 

The tables are thought to be most reliable for 
temperatures between 273° and 373° K (0° and 
1ooe C 
experimental difficulties encountered are not as 


Also, 


as is shown by figure 6 the results of several 


because at these temperatures the 


great as at higher and lower temperatures. 


different investigators are in agreement at these 
temperatures. Above 373° K. the experimental 
data are not as self-consistent as at temperatures 
of PVRT 


given in the tables for these higher temperatures 


immediately below. As the values 
are derived largely from an extrapolation based on 


) and 373° K, 


the temperature region between 273‘ 
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an estimate of reliability of the high temperature 2. Deuterium 


vortion of the tables involves both the applica- ie ; , ate, ' 
- , PI rhe interesting features of the PVT data f 
bility of the correlating function, eq 4.8, and the ; 
- a deuterium are most evident when deuterium 
precision of the experimental data. ( onsidering , on : I 
ce , ' compared with hydrogen. The difference betwe 
the differences between the isothermal lines “ES af : 
a the second virial coefficients of H. and D, has bee 
determined by different sets of experimental data : Ebi ; 
' investigated theoretically [86, 87], though a com. 


of different observers and the same observer at \ 
: plete treatment of the problem has not bee: mad, 
different temperatures, it seems probable that the ' , ' \ 
Assuming the same intermolecular forces {» 
extrapolation is more reliable than the experi- ; 
hes oge H, and D,, classical mechanies and _ statisties 
mental data at temperatures above 473° K. 1 to tl ti f state for Ti 
. . ge ead to the same equation of state tor and — ’ 
It is doubted that PV/RT is known to better — ,, —< ane | 
- a The quantum theory of virial coefficients Jeads 
than 0.2 pereent for densities as high as 100 ee ‘ : 
sce aa to effective volumes of molecules and to seco 
Amagats near 33° K, the critical temperature. ~ v 
a virial coefficients that are larger than the classic 
Below the critical temperature, the data are not 


. Ae ts values, the differences being small at ordin; 
very satisfactory. In addition to the difficulties ees — 
' : temperatures but becoming large at low te 
of making measurements at low temperatures, 10 ; 
, : peratures. 
there exists the circumstance that below’ the ; 
RF ; iat In table 21 are given ratios between quantw 
critical temperature the range of vapor densities aie : : 
re Pers » mechanical and classical values of second vii 
that can be covered is limited by the density of “- ' 
tie ithe. coefficients, for gases whose molecules are rig 

saturated vapor. At low densities the deviations 


(1—Z) from the ideal gas law are small and hence 
difficult to measure precisely. 


nonattracting spheres. They may also be co 
sidered as ratios between apparent molecul: 


pc , — volumes for the two treatments. These ratios a 
rhere is another method of obtaining values of . . : 
in “id based on formulas derived by Uhlenbeck and Bet 
second virial coefficients which may be advanta- : a e ; 
' ' ' [84]. Columns 2 and 3 are for gases with mole: 

geous for the low temperature region. It involves ; : ae 
ei? ' weights 2 and 4, respectively. The value of t! 

the determination of the velocity of sound, which . . 
é‘ ; ratio depends, among other things, upon ti 

has been carried out for gaseous hydrogen at 


cr 
= 


. . diameters of the rigid spheres. Here the siz 
liquid-hydrogen temperatures and various pres- ; ‘ Bie SI : , 


, -— the spheres was taken to be the same for the | 
sures by van Itterbeek and Keesom [77], using a 


resonance method. The change of the velocity of 


ith : TABLE 21. Ratio between quantum mechanical ar 
sound with pressure at very low pressures is re- second virial coefficients for nonatiracting rigid 
lated to the value of the second virial coefficient molecules * of molecular weight M 
and to its first and second derivatives. Because 
» ° . ; . « . ° B quantum , HBaquant 
of this relationship, it is possible to determine the r Betassical =?) peta 
second virial coefficient from the velocity of sound 
if the second virial coefficient is already known in ti . T 
an adjacent range of temperature. Van Itterbeek wn) 1.30 
- 100 1.52 
and Keesom concluded that the agreement be- - - 
° - - 2.4 
tween their own measurements and the PVT data 5 14 
was “rather good”, although for both types of 
data the scattering was quite appreciable. * With diameters calculated from the van der Waals’ 6 for! 
In calculating the tables of derivatives by the GNETS 
; : : > 7 The application of quantum mechanics instead of ordir 
method of Rutledge, the criterion for retaining has as one effect for rigid spherical molecules the remova 
: oF 4 : disco i © cak ed dis bution of oleeules for | 
significant figures in the recorded values was the Eesemtinasty te the caleuiates cietesiaiten of eae SF 
. : E “ corresponding to contact between the spheres As smaller 
same as that prey iously ment ioned, namely, prevented by the impenetrability of the spheres, the continuit 
- " ‘ on 0 » molee deas sep) tions er 
enough places were carried so that the changes — >¥ 4 feduction of the molecular deasity for separation 
; e - : corresponding to contact. The effect is large for separations o 
resulting from the smoothing were in general con- up to a considerable fraction of the de Broglie wavelet 
fined to the last digit. As in the case of the tables A/JankT ts © representative value) and depend 
*pPDwpT .: 4 the temperature. This reduction of molecular density bh 
of PV RT, it is believed that the tabulated values mum separation could be represented roughly in a classica 


of the deriv atives are given to as Manv significant an increase of the volume from which | molecule causes the 
© = 5 molecules to be excluded In classical theory the second vir 


figures as are just ified by the data. for nonattracting rigid spheres is proportional to the exe luded 


432 Journal of Research 





ta fo 
ium js 
betwee 
is beer 
a com- 
hh mad 
rees fo 
Latistics 
and D 
I's leads 
Secon 
‘lassica| 
rdinary 
Ww tem- 


Wantul 
A viria 
re righ 
be COn- 
ecula 
LOS al 
vl Bet! 
Hecula 
of th 
on the 
size ol 
he twi 


search 








gas d to be equal to the size calculated from 
the van der Waals 6 for Hy. 

Although it would scarcely be expected that the 
of calculations for rigid nonattracting 
spheres would apply to real H, and D, molecules, 
it would seem likely that qualitative indications 
would be correct, at least at higher temperatures 


resull 


where the excluded volume predominates over the 
intermolecular attractive forces in’ determining 
the magnitude of the second virial coefficient. 
This is borne out by experiment, the difference in 
second virial coefficients (B,.—Bp,), being posi- 
tive, though smaller than would be indicated by 
table 21 for rigid spheres by a factor of about 2.6 
Uhlenbeck and Beth derived an ap- 
representation 


at 300° Ky. 
proximate quantum mechanical 
for the second virial coefficient applicable at high 


an 


10° Bue 
1¢] 
_ 60 
< § 
: 2008 
i = 
< = 
“, | - 
£40, | é 
~ 0 
é ° 
O 400 
. 400 
10° (By4,-Bo,) 
0 200 400 600 
| ie 
Ficure 10. Second virial coefficient for Hy and the difference 


between second virial coefficients for Hy, and Dy. 


temperatures for molecules with radially sym- 
metrical foree fields. Their formulas were applied 
to hydrogen and deuterium by de Boer and 
Michels [87] upon the assumption that the inter- 
molecular forees were the same for H, and Dy. 
They obtained differences between the virial co- 
ellicients for H, and D, represented by the upper 
temperature portion of one of the curves of figure 
0). In a later paper by Michels and Goudeket 
#2) attention was called to the fact that the inter- 
molecular forees of hydrogen and deuterium cdo 
internuclear 


differ a little because the mean 

separations of H, and D, molecules are different 
is a result of the different zero point vibrations 
of their nuclei. 


Properties of Hydrogen 


The effect of the intermolecular attractive 
forces overbalances the effect of the excluded 
volume or the repulsive forces of the molecules 
in determining the magnitude of the second virial 
coefficient at low temperatures, and makes the 
coefficient negative. Nevertheless, at low tem- 
peratures, as at high temperatures, the difference 
in second virial coefficients By — By, is positive, 
partly for the reason already discussed in the case 
of high temperatures, namely the larger apparent 
quantum-mechanical volume of H, molecules, and 
partly for another reason. There is a closer spacing 
of the discrete negative energy states and smaller 
zero point energy for pairs of D, molecules than 
for pairs of H, molecules because of the mass dif- 
ference, so that by reason of the Boltzmann fac- 
tor, exp [—energy//7], there is a greater degree 
of association or clustering together of D, mole- 
cules than of H, molecules. Without a considera- 
tion of the Boltzmann factors for these negative 
energy levels the effect of the difference of mass 
would be less clear, as the quantum treatment for 
the continuum would require that the spacing of 
the levels there be smaller for D. than for H. in 
essentially the same ratio as in the case of the 
discrete negative energy levels. With these or 
similar ideas in mind, Schiifer [86] derived a 
formula for the difference in second virial co- 
efficients for H, and D, at low temperatures, 
which involved a constant whose magnitude he so 
chose as to obtain a fit with his experimental 
values for the difference in the second virial 
coefficients. 

Figure 9 shows values of A in the equation of 
state (eq 4.14) caleulated from the second virial 
coefficients of deuterium for the temperature 
range 23° to 45° determined experimentally by 
Schiifer [85]. 


‘A —T? 2(dZ dp) r. »<0 — 7°". (4.17) 


where B, is the second virial coefficient in the 
equation of state PV=RT (14+ Bip— Bp? +-.. .). 
The dashed line curve in figure 9 was obtained by 
adding to the A’s for H, the differences between 
the A’s calculated from the differences between 
the second virial coefficients of H, and D. which 
Schifer determined partly theoretically and partly 
empirically. Schifer’s measurements were made 
on deuterium at low densities and hence do not 
give information on higher virial coefficients. 
Approximate values of PV for deuterium at low 
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temperatures may be found by using values of A 
from figure 9 in eq 4.14, and either neglecting the 
(’ term or preferably using the corresponding 
value of C for Hy. 

Values of the funetion o=(7TV/T)V,) 
(PV/RT) calculated from the data of Michels and 


Goudeket [92] for D, are shown as open circles in 


log yo 


figure 7. The dashed straight lines for deuterium 


are obtainable from the equation 
PV/RT=exp[BCT)p-4 


C(T)p*], (4.18) 


0.0055298 7 > '*— 0.036040 7-34 


0.25878 7-54 
and 


0.00580 7 0.05657? 
The constants in the formula for B have been so 
chosen that the difference between D, and H., 
intercepts on the o—axis is in close agreement 
with the theoretical result of de Boer and Michels 
IS7] from 250° to 450° K 

In figure 10, a curve marked 10°(B, — B,,) shows 
the trend of differences between second virial 
coefficients based on the theoretical calculations 
above 150° K and on the results of Schifer below 
50° K with an interpolation between. It may be 
inferred that the differences between the PVT 
data for H, and D, decrease rather rapidly with 
increase of temperature. For comparison, the 
curve marked 10° B,, in figure 10, shows on a 
different seale the magnitude of the corresponding 
second virial coefficient for Hy, at the same temper- 
atures. 

If it is assumed that the ¢ or (7V/7,V,) log 
PV/RT) isotherms for D, and Hy, are parallel, 
values of PV/RT for D. may be obtained from 
those tabulated for H, by (1) calculating the 
on, oro for H,, from the values of PV/RT, T and 
p, (2) subtracting the difference (¢,.—ep,),-9 to 
get op, and then (3) calculating the correspond- 
ing value of PV/RT for D,. A plot of the 


difference 10° (¢4.—¢, which may be used 


for this purpose is shown in figure 11. An alter- 


native method based on the assumption that only 
the second term of the series expansion eq 4.9 
for PV/RT is to be changed is as follows. 10° 
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(By, B»,), obtained from figure 11 by n tiply. 
ing 10° (¢4,.—¢p,),<0 bv 2.302585 T/T or obtain 
directly from figure 10, is multiplied by 

the product subtracted from PV/RT' fo 
give PVURT for Dy. 


simpler than the other method and ma 


This alternative m 


reliable. 


@) 
10) 200 400 
7, ™ 
Figure 11 Difference between intercepts « 
isotherms for H, and Ds. 


V. Calculation of Thermal Properties 
of the Real Gas 


The calculation of thermodynamic properties 
a real gas from values of these properties for | 
ideal gas rests upon the principle that the dull 
ence between values of a thermodynamic funct 
at different densities for the same temperat 
may be determined from data of state for the ga 
at the given temperature. 

The entropy and free energy of a gas are depe! 
ent upon the pressure, even in the ideal stat 
in tables 4 to 8 they are given for the hyd 
in the ideal gas state at a pressure of 1 sta 
atm. On the other hand, the iaterna! 
enthalpy, and specific heat in the ideal 
are independent of density at constant tem] 

Equations 5.1 to 5.8 show how, using tly 
state expressed in the form, Z=—Z(p 
thermodynamic properties of the real 
temperature 7 and an Amagat density 
calculated from properties for the ideal 
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sure of 1 atm, given for the hydrogens in 
to &S. 


}. a Pv, 
RT, 
J, 


+In In uf In p 


R 


hod 


De as \(Z 1) pldp 


[ T(dZid 7), ‘p\dp 
(5.1) 


This can be expressed ina slightly different form 
by using the identity 


|“ Z—)/elde+ “inz dT),/p\dp 


(a) rz I)/olde dT): 


tt | “ITI dZ/d7T),/p\dp+-(Z—1). 


(5.3) 


In art In fl +In p4 


MZ 1)/pldp +(Z—1). (5.4) 


f (fugacity of real gas)/P] (Z 


In Z+(Z—1). 


1)/pjdp— 


tae [ T(dZ dT), pldp. (5.6) 
2 {IT dZ dT), pidp 


"1T(2Z/dT®),/pldp. 


(Cc; 


P)T (ideal 


R 


(5.8) 


»|'\TdZ/dT),/p\dp | TXEZ/dT?),/p\ dp 4 


Z~TdZ dT),}° |Z T p(dZ dp)r|' ? 


In order to facilitate the calculation of the 
ermodynamic properties of hydrogen in the real 
te, tables 22 and 23 were computed." 
tivian four point formulas [181] were used 
abular integrations. 
) 


22 is intended for use in the calculation of 
ilation of these tables the authors are indebted to Messrs 
. Kingsley Elder, Jr., and Robert Mann, who worked as 


st the National Bureau of Standards during the summer 
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entropies. The values in the second column, 
headed (S°_,—S-°,)/R, are for the difference 
between entropies of hydrogen in the ideal gas 
state at  l-atm pressure and at unit Amagat 


density, divided by R. 


PY. nD 
In RT. +In rr 


0.000618+In 7) 7, (5.9) 

The row at the bottom of the table, headed 
ey 
pies in the ideal gas states at Amagat densities one 
and p, divided by R. 


S°)/P, is for the difference between entro- 


In p (5.10) 


The other rows and columns of table 22 headed 
(S°—S)/P give the differences between the entro- 
pies in the ideal and real gas states at the same 
temperature and density, divided by 2. 


. 
p 


[((Z—1)/pldp+ 


"[T(dZ/dT),/p\dp (5.11 


In order, then, to get S/F? for the real gas 
hydrogen at a temperature 7’ and Amagat density 
p, one subtracts from S°/R, obtained from S° 
given in table 8, the sum of three numbers for the 
appropriate values of 7 and p to be obtained from 
tuble 22: one comes from the second column, 
headed (S..,—S, 
tom row of the 


J)/R: another from the bot- 
table, headed (S, S°)/R: 
and the third from the rows and columns of the 
table headed (S°—S)/P 

Table 25 is for the difference between the 
enthalpy of hydrogen in the ideal and real gas 
states at temperature 7 and Amagat density p, 


divided by PT. 


= eet ant _[T(dZ/aT),/o\dp—(Z—| 


(3.12) 


Hence to obtain // RT for hydrogen in the real 
gas state, one subtracts the appropriate value of 
(H°—H1,)/RT in table 23 from the 
°F T obtained from /7° given in table 8 for the 


deal gas state. 


value of 
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Values of FURT, EVRT. and In( f/P) be 


may 


obtained rather simply from values of S/R and 


and 


HRT the Z-table 


following equations: 


in accordance with the 


ERT 
Fs 


H/RT)—(S/R) 


/ 
pP 


Pas 


eT 


RT In Z 


EO RT=(H RT)—Z. 


The value of ([F°,. e:sm 
may be een by subtracting (S° 
in table from (/7°—J1)/RT, 

The caleulation of the heat capacities of the real 
involves the of 


| | TeZ dT), olde. 


F, T (reai RT| 
S)R, 


given in table 


pee 


~—. 2. 


evaluation 


rus 


VR 


eH 
aeral RT }) 


The derivatives in eq 5 
tables 14 and 23, 
entiation. 


fi = a , [z+ 7 
R1 

7 may be caleulated from 

using a method of tabular differ- 

Except for the first term, the 

5.17a are given in tables 15 and 17. 


deriva- 
tives in eq 


40 


vr 


fyoon 


: 
Vv 


Pigtre 12. Effect of den specific heat of Tl, at 50° C 


Figure 
heat 
upon the Amagat density p. 
the results of the 


12 shows the dependence of the specific 
50° C 
The curve represents 


at constant pressure for hydrogen at 


evaluation of formula 5.8, using 
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I] H 4 
T(a| er ),(ar), | 


» 


carried out using the 
16), method 

Table may be 
| (T(dZ/dT),/p\dp, since from eq 5.1 


that 


This may be 
table (table 
integration. 


23 


a ol 


used 


”) 


[1(dZ/dT),/p| dp 
Hl 
RT 


> 
») 


(from table 2 (Z—1 


) 4 
In the temperature and density ranges 
may be represented by an analytic expr 
be 
series expansions for Z and its derivatives 
The th 


heats at constant real 


these two integrals may evaluated by 
between 
for the 


calculated using the equati 


H i 
, (ar Ri 
' + 7), | Ee os) ‘es 


(ii, 
the 


points 


integrands. difference speci 


pressure and 


gas states may be 


dP 
dp ) 


— 


(= 
dp 


Ne 


PVT correlation of this paper. 


. 


The plott 
Workman {49 
other direct experimental data on the effer 


are observations by \ 


pressure upon the specific heat at constant pre 


are available for hydrogen. 
effect of pre 


on the specific heat of hydrogen is found 


An indirect indication of the 


work of van Itterbeek [78], who used the result 
van Itterbeek and Keesom [77] on the effe: 
pressure on the velocity of sound in hydroge: 


The result 


one-tenth of 


liquid hydrogen temperatures. 
Itterbeek of 
atmosphere indicate that the increase of 
the 
prediction withis 
19.0° K, but is 
20.5° K. At 
this difference 


van at a pressure 


valu 


pe rt 


lowe! 


above 

PVT 
and at 
30 percent at 
20.5° K, 


has become approximately 0.1 


pressure 
the 
KK 


zero-pressure 
with 3 


- =o 
io 


than 
1 


pressures al 
» atm at in heat 
cal deg 
is reduced 
percent if the data of van Itterbeek and 
evaluated with values of (,—¢ 
the PVT tables of this paper. 


but this discrepancy by rou 


are 


Up to p= 500 at temperatures above 0° C, the equat 
has his is eq 4.8 and eq 4.9 is its series expan 

stand for functions ot eq 4.11 14.12 
Z can be 
eq 4.14 


ire tabulat 


been used 
given by 
to 


ire 
it 


equivalent to 


T, which ul 


From p 2Wand 7 


r 


0 to p MP K expr 


1 r 


( 


(¢ which is Phe 


{int 


?. 


stand for functions of 7, whose values 
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The -pecifice heat of hydregen at constant 
as been determined by Eucken [169] 
is combinations of temperature and 
the ranges 35° to 110° K and 60 to 


ZAT 


tabula; volum 


follows 
ats. 


‘homson coefficients of hydrogen may be 

These may be calculated from eq 4.6. 

- calculation there are required: the value 

hich may be caleulated using eq 5.8 or 

17. Values of Z, (dZ/dT),, and (dZ/dp)y, are 
viven explicitly in tables 13, 15, and 17. By 
values of ©, for H, at 50° C derived from 

fivure 12, the following values of » for 50° C were 
0.0350 
0.0378; 
0.0402. 
0 the 


obtained by calculation: at p=20, u 
degatm |; p=40,y 0.0364 ; p 
80, u 0.0390, and p=100, 4 


60, u 


By extrapolation, one obtains for uw at p 
0.0335. 

There are no accurate measured Joule-Thomson 

with which these 


ia for hydrogen for 50° C 
deulated values of « may be compared. 
Results of measurements on Joule-Thomson 
feets in hydrogen and deuterium at liquid air 
published 


temperatures have been 


Johnston and coworkers [57, 458}, 


nd room 

ently by 

th curves showing calculated values for hydro- 
von based on the tables of this paper.* Consider- 

v that the Joule-Thomson coefficients are not 

tained with great simplicity from the PVT 

ta and depend sensitively on the trends of the 
representation, the agreement is considered fairly 
s tisfactory. 

The location of the inversion curve for the 
Joule-Thomson effect in hydrogen on a p-7 graph 
may be determined from tables 15 and 17 by find- 

values of p and 7 for which 7(dZ/dT), 
pdZ dp 

\n expression for « in terms of derivatives of the 


tl thalpy, //, is 


, in accordance with eq. 4.6. 


(dH /dp)r 
dH dP dil dP 
| dp or Cir) Cap ). 


(5.18) 


ln accordance with this equation the inversion 
ve may be determined by inspection of the 
I-11, RT table (table 23), since »=0 where 


= ee) 0. 


(5.19) 
dp . 


this paper were completed before the papers by Johnston 
S}on the Joule-Thomson coetlicients of Hyand 1D) appeared 
PVT data would doubtless have been better if these Joule- 
1 been available at the time the correlation was mad« 
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The heavy curve in figure 13 is the inversion 
curve of hydrogen as given by the correlation of 
this paper. In locating it, values of ? were deter- 
mined with the help of table 14. For temperatures 
below 75° K some extrapolation beyond the limit 
of the tables was necessary. In this extrapolated 
region the o versus p diagram, figure 6, was worked 
with, and the relation for the inversion curve on 
this diagram was used to get the extrapolated part 
of the inversion curve directly from the o versus p 
diagram. 

In a Joule-Thomson expansion of hydrogen at 
constant temperature from a high to a very low 


H— “ 


, }0203040 50 60 70-- “go 


J , 140 
<“ZH*H=160 cal mole! 


80 120 160 
P. Atmospheres 
Curves related ta the Joule- Thomson 
cooling of Hy. 


Figure 13. 


there is a 
In figure 


density, approaching zero density, 
change in enthalpy equal to (/7°—J//). 
13 the curves that cross the inversion curve hori- 
zontally are curves of constant J/7°—J/. As /7° isa 
function of temperature, these constant (//°—/7/) 
curves are not isenthalpics. 

The horizontal crossing of the inversion curve 
by the (/7°—J/7) curve is related to the fact that yg, 
which is zero along the inversion curve, is equal 
to ddI dP), C,, which means that along the inver- 
sion curve (d/1/dP), is zero. The enthalpy change 
(11°— 71) is equal, very nearly, to the amount of 
refrigeration, per mole of gas, available for the 
liquefaction of hydrogen in a Hampson or Linde 
low pressure type of hydrogen liquefier in which a 
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continuous flow of gaseous hydrogen is allowed to 
expand from a high to a low pressure without 


doing work against an external force system. 
The fraction + of the high pressure hydrogen flow 


that might, theoretically, be liquefied is 


HW’ —H HW _ 
H’-Hi..” ("-H..)+L, 


where 77 and /7’ are the enthalpies of the com- 
pressed and expanded hydrogen at the tempera- 
ture at which the compressed hydrogen leaves the 
precooler and enters the last stage interchanger 
before expansion; L, is the heat of vaporization of 
liquid hydrogen at the boiling temperature deter- 
mined by the pressure of the expanded hydrogen; 
and (77 H] 


of saturated vapor and liquid in equilibrium at the 


L, is the difference in enthalpies 
pressure of the expanded hydrogen. Only a rela- 
tively small error is made in + if in place of 71’ 
and #7... for the real gas at atmospheric pressure 
one uses the enthalpies /7° and /7°,,, of hydrogen 
in the ideal gas state at the same temperatures as 


would be used for 77’ and /7.... 


H1°— ' (5.21) 
H°— FP rapt L bie 
For a temperature of precooling equal to 65° kK, 
the error introduced by the approximation is 
about 0.5 percent 
The lines of figure 13 that are roughly parallel 
to the inversion curve and converge with it at 
the inversion point, 204.6° K, are lines showing 
/7 has reached a given 
value for the given 


the pressure at which /7/ 
maximum 
As the inversion curve is the line 
of maximum values of (J7°—H/) it 
1C0-pereent line in this family of constant per- 


fraction of its 
temperature 
is also the 


centage lines 

In the free expansion of a continuous flow of 
gas not doing work against an external force 
system, the maximum refrigeration is obtained by 
expanding from the inversion pressure for the 
given temperature of the compressed vas. The 
curves of constant percentage of maximum values 


of (7 


of the maximum 


/7) are also curves of constant percentage 
available refrigeration in an 
expansion to low pressure. 

Figure 13 makes apparent how greatly the 
refrigeration and the fraction of hydrogen liquefied 


(eq 5.21) by a Hampson type liquefier are increased 
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by lowering the temperature of the « 
hydrogen before it enters the final int 

from which expansion of the hydrogen ta 

It is also seen that the condition of highest 
pressure (92° K and 165 atm) is by no | 

most favorable condition for liquefaction 
cooling of the compressed hydrogen by 

nearly doubles the refrigeration produced 

than doubles the fraction liquefied. It | 

from figure 13 that for the usual range of | 
tures (55° to 90° K) to which compressed liydrog 
is precooled before expansion in a Hampson-ty 
liquefier, about 95 percent of the maximum refi 
eration is obtained when the pressure of tly 
pressed gas is only 75 percent of the vers 


pressure, 


VI. Viscosity and Thermal Conductivity 


1. Viscosity and Thermal Conductivity of the Gas 
Near Atmospheric Pressure 


(a) Hydrogen 


\ alues 


hydrogen at atmospheric pressure for temp: 


for the ViISCOSItY of gaseous nor 


tures above the boiling point and at. saturat 
pressure for two temperatures below the bo 
point are given in table 24. These wer 


lated using the empirical equation 


"+ 650.39 
1175.9 


n—85.558™ 10 


poses 


for the viscosity at very low pressure 
with values for the small differences | 
viscosities at atmospheric or saturation 
and at very low pressure (see eq 6.17 and | 
The four constants of eq 6.1 were chosen 0 
basis of experimental data near 20°, 90 
and 685° K. 
of hydrogen at 685° K was 0.55 percent 


The value used for th 


than the experimental values of Trautz : 
‘99], as their value was based on Millika 
for the viscosity of air which is now km 
low by about this amount. 

In figure 14 are plotted deviations 
from eq 


experimental viscosity data 


changes were made in the experimenta 


lhis viseosity at very low pressure is a true or bulk 
ure effect mentioned here not the familiar low pr 
t experimental viscosity involving the «ac 


ed size of experimental apparatu 
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litter 
ailies 


the pe 


Viscosity of gaseous hydrogen 
yg / f] 


ences in density. Deviations of table 
from eq 6.1 are represented in figure 14 
aked curve, which is appreciably above 


ero line between 10° K and 100° K and in 


close 
Tl 
itn S] 


iL sat 


agreement with it at higher tempera- 
iis peaked curve represents the viscosity 
herie pressure above the boiling point 
uration vapor pressure below the boiling 


Different reported values of viscosity at 


tem pe 
! 
recom 
me 
thee 


nO 


‘ratures are so poorly in agreement that 


parison does not indicate the magnitude 


] 


ak, Which has accordingly been obtained 


ry, using data of state. To limit the 


of experimental points in the figure, 


tted represent only data published since 


a few data obtained after 1928S have 
“d. The data of Trautz and co-workers 
would be in better agreement with the 
increased by about one half percent 


vision in the value for the VISCOSILY of 


been pointed out by others that the 
formula 


does not fit the data for hydrogen over an extended 
range of temperature. This may be seen in figure 
14 in which the deviations of the Sutherland for- 
mula from eq 6.1 are represented by the curve below 
the zero line. The constant ( was evaluated at 
300° K to represent the trend of the best data 
Values of the thermal conductivity of gaseous 


normal hydrogen are given in table 25. 


TABLE 25. Thermal conductivity of gaseous hudrogen at 
yg g 


1 atm 


were calculated from the equation 


[1.8341 — 0.004458 T 1.13508 


0.0008973 T)C. | 


In principle, a correction from low pressure to 
one atmosphere would be applicable, but it has 
been omitted because the uncertainty of the 
experimental values is much greater. In eq 6.5, 
AM is the molecular weight, » the VISCOSITY given 
by eq Gi, Ge the specific heat in calories per mole 
per degree at constant pressure, and 7 the tem- 
perature in degrees Kelvin. This equation is an 
empirical representation of the data and was 
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obtained in several steps, which will be explained 
in the discussion that follows. 
In figure 15, curve A represents eq 6.3, whereas 


curves Band ( are theoretical and are given for 


comparison. Curve C is for Eucken’s relation 

k= (9y—5)Cn/(4M) 6.4) 
or its equivalent 

k= (C+ 1.25R)n/M. 6.5) 


Chapman and Cowling [137] proposed the formula 


which is equivalent to 


i [l,.e€, (3.75 2.50,,)RIn M. (6.7) 


The transport of internal molecular energy of a 
gas 1s supposed to be represented better theoret- 
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T\ 


ically as a result of including the quant 
which is the ratio of mean free path lengths 
diffusion and viscosity. 

{is a pure number whose value was « 
mined theoretically for (1) smooth elastic sp! 
and (2) for molecules repelling as the invers 


power of the distance (Maxwellian mole 
the values being 1.204 and 1.55, respectively 
For equal to 1, curve C is obtained, as ‘ 


6.6 and 6.7 then reduce to eq 6.4 and 6.5 
B of figure 15 is a graph of eq 6.7 with / 
a value indicated by a group of measureme! 
the conductivity near 300° K. It is evident | 
the main body of the experimental data 


value of [ On 


consistent with a constant 


basis of a value of 1.4 for (7), near 300° kh 
higher value at 700° K, as indicated by a 
representing the data, the relation 
-§,0008973 7 


U1=1.1308 


Pre 
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was adopted. It was found that the curve was 

i critically dependent on the functional form of 
/. as a change to U\,=a+6,T altered the 
final curve negligibly between 300° and 700° K. 
\t temperatures somewhat below 100° K, the 
eal gas specific heat of hydrogen at constant 
essure approaches the value (5/2)R character- 


ti of a monatomic gas. For this value of (,, 


7 


(, terms in eq 6.7 eancel and eq 6.4 to 6.7 


tice Lo 


k=" 0(C./M). 


(6.9) 


‘his equation has been derived exactly for a force 
that at all distances is repulsive and proportional 

lr. Enskog [132] has shown that for attracting 
rigid spheres (Sutherland molecules), 


fe =[2.522/1(1 


+0.038€0/T) nC. M, 


Where (is the Sutherland constant in eq 6.2. 
thermal conductivities of hydrogen measured at 
quid temperatures are a few percent lower 


No the- 


explanation of this is at hand, but the 


than equations 6.4 to 6.9 would indicate. 


retical 


wgreement of the three independent investigations 
i this region indieates that the lower value is to 
veaceepted. To take account of this, a correction 
Properties of Hydrogen 


factor 1/(1+-3.2/7) has been included, having a 
form suggested by Enskog’s theoretical result for 
attracting rigid spheres but with the constant 
chosen to fit these experimental data. The in- 
clusion of this factor also brings the final curve 
closer to Eucken’s experimental value at 20.96° A, 
Which is still almost 12 percent lower than the 
curve, 

The curve as chosen to fit the thermal conduc- 
tivity data is not regarded as completely satisfac- 
tory. In the temperature range 270° to 400° K, 
the experimental data appear to fall into two 
groups, one quite close to the curve adopted and 
the other lower by about 7 percent. The lower 
group includes the most recent data. 

Equation 6.4 to 6.9 make it evident that at low- 
temperatures where the specific heats of ortho and 
para hydrogen differ, their thermal conductivities 
differ also. This difference in 
tivity was the basis of the method of ortho-para 
analysis used by Bonhoeffer and Harteck [121]. 
The temperature or electrical 
electrically heated wire carrying a given current 
determines, after calibration, the ortho-para com- 


thermal condue- 


resistance of an 


position of the hydrogen that surrounds the wire 
in a tube externally thermostated at liquid air 
temperature. A small difference is to be expected 
in the viscosities of ortho and para hydrogen by 
reason of small differences in their intermolecular 
forces manifested by small differences in’ vapor 
pressure, and density of the condensed states. 

This difference in viscosities is small and was not 
detected in the experiment undertaken by Harteck 
and Sehmidt [122], in which an accuracy of 1 
percent was attained. In later developments of 
the so-called thermal conductivity method of 
ortho-para analysis, the pressure of the gas was 
reduced to make the mean free path large com- 
pared with the diameter of the heated wire. For 
this condition the ordinary thermal conductivity 
is not the controlling factor. 


(b) Deuterium 


Several investigations have been made of the 
viscosity of deuterium at atmospheric pressure, 
the most recent being that of Van Itterbeek and 
Van Paemel [106, 107], published in 1940. Table 
26, which gives values for the ratio between 
viscosities of deuterium and hydrogen for several 
temperatures, was taken from the paper by Van 
ltterbeek and Van Paemel. 
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TABLE 26 Ratio of viscosities for Gaseous D, and H 


~ 


The ratio of the thermal conductivity of deu- 
at 0° C to the thermal conductivity of 


hydrogen also at 0 T. 


terium 
was determined by is 


Archer [127] and by W. G. Kannuluik [130], who 
obtained respectively, the values 0.736 and 
0.732,. By using the mean of these values with 


appropriate values of (, and », one obtains for 
{\, in eq 6.7 for the thermal conductivity of D, 
at O° C the value 1.55 
thermal conductivity of various equilibrium mix- 
tures of H., HD, and D, 


For two isotopic gases with identically the same 


Archer also measured the 


intermolecular forces, the classical theory values 
forthe ratio of their viscosities,and the ratio of their 
thermal conductivities at temperatures where their 


heat capacities are equal are 


m nem v MM, and hy/ke= y M/M, (6.10 
For H, and D, these ratios have the values: 
np. 1.414 and kp /ky.=—0.707, and are inde- 


pendent of the intermolecular force field so long 
it The 
difference between the rotational heat capacities 
of H, and D, at low temperatures by itself makes 
the ratio hy. hy, larger and thus has an effect 


is the same for the twe_ isotopes. 


as 


opposite to but less than that of the smaller mean 
velocity of D, molecules caused bv the greater 
mass. Using Eucken’s eq 6.4 for & and making 
allowance for the difference in heat capacities of 
H, and D,, one obtains 0.718 for kp /hy, at 0° C. 


The classical theory values for these ratios of 


thermal conductivities and viscosities are ap- 
proached closely at room temperatures. The 
effect of quantum mechanical interaction in 


transport phenomena can be described in terms 
of increase in the apparent size of the molecules. 
In classical theory the size of the molecule plays 
an important role, the viscosity and thermal con- 
ductivity decreasing as the size increases. For 
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hydrogen and deuterium, the quantum : 
increase in apparent size is small at roo 
ature but becomes large at low tempera‘ 
increase depends also upon the mass 
colliding molecules and is larger for H 
1), ut the same temperature. It was p 
in the section on the PVT data for deut: 


the quantum theory of second virial eceff 


includes an effect interpretable classic: 
increase in apparent size of molecules, 


very large at low temperatures. The 


emipers 


7) 


\ 
\ 


iM 


I 


bani 


con 


mechanically obtained increase in apparent 


with lowering of temperature is not th 


nye 


Viscosity as that associated with the second 


coefficient, however. 
that 
de Broglie wave length with decreasing 


one considers the increase 


ture increases the diffraction behind « 


molecule; an effect that does not 


in ti 


wf 


ente! 


( 


a 


This is not surprising 


$tas 
( 


! 


determination of the second virial coeflicien: 


which taken by itself would decrease the app 


size of a scattering molecule for viscosity 


2. Viscosity and Thermal Conductivity of the G:s 


at High Pressures 


There are no experimental data on the th 


conductivity of gaseous H, at high 


For Viscosity, however, experimental 


tained by Boyd [134] and Gibson [135] ar 


) 


able. Gibson’s data, which are for 25 


more precise than those of Boyd and are plot! 


in figure 16. 


agreement between these better 


dats 


press 


il 


il 


( 


data and the curve representing the theoret 


formula due to Enskog. 


to the problem of relating viscosity and varia! 
of state will be found elsewhere [133, 136 


It will be seen that there is fairly go 
eX riment 


Differing approac! 


In elementary theory, the viscosity and ther 


conductivity for a given gas are proportiona 


the product of V, p, and A, where V is 
the density 


molecular velocity, p is 
is a suitable mean path length for th: 


of momentum or energy. 


ular motion, it is actually greater by 
distance of the order of magnitude of al 
diameter, as at each collision the mon 
energies are transferred an additiona 
related to the diameters of the molecules 
Thus instead of A decreasing as 1/p 

increased, which would make pA inde} 
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Although A is off 
as identical with the ordinary free path : 


7 








ases a little less slowly so as to make 


used by Enskog takes account of simultaneous 














hanis li "ey : 
; 55 \ it e slightly as p is increased. Accord- encounters of three and four molecules as treated 
elhperd ‘ . y . . . 
7 nly the thermal conductivity and the by Boltzmann and Clausius. 
cout’ of a gas would be expected to increase According to Enskog’s theory, the viscosity 
ol } . i : £ ats . . 
han ¢.qqwith asing density, particularly when mul- — and thermal conductivity of a compressed gas are 
ah for ‘ : 4 ‘ lls hea" 
1 ple encounters between molecules occur fre- related to the viscosity nm) and conductivity fy 
ited 6 ' > ° o.% : ° : 
ently as in the case of high densities. at low pressure by the equations 
mn thal” , ; 
“4 Enskog’s theory was developed for 9 gas whose 
eee yolecules Were assumed to be mutually attracting n/no = bp|1/(bpx) + 0.8+-0.7614bpy . . . | (6.14) 
i\ r . . ° . 
estate vid spheres, for which the equation of state has ond 
he form 
{| in ; ray -— == . - 
ha P+ ap?*=RTp(1+ bpx), (6.11) he/key = bp|1/(bpx) +-1.2+-0.7574bpy . © © | (6.15) 
ent 
anne — 
iad \ ‘ ] 
- | 
iv 107 A j 
« ‘ a | 
Lemp 106 A | | 
I n 10S} > r+ | 
ent 7) | | 
upPpe Ww) Loa! | 
Gog | 
| 
1.03} 
the Gis | 
102) 
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Lol} Se 
ress | 
lata 100 = ee 
re a ° 40 80 oo 160 200 
Cs ery 
plott Figure 16. Effect of density on viscosity of hydrogen at 25° ¢ 
rly gov 
riment : . . ° 
‘here the constants a and 6 are assumed to be It follows from eq 6.11, the equation of state 
eore th = ete ‘ > . . ’ 
' ndependent of 7 and p, and x is a function of p — assumed for Enskog’s theory, that 
proaches ¥ 29 : sae ae 
-ariables fy XPressed in the form of a powet series in bo. 1 /dP\ (PV _aZ _ 
lhe equation of state that was used is thus almost bpx p( ips RT) I=Z—1+7 ( iT): (6.16) 
. ; ( AA ( , 
diss esume as the Van der Waals equation 
Lheril 
Leal p RT. bo) —RT Thus, the value of box may be calculated from the 
‘ as ¢ l- f a 12 tables of Z and (dZ/dT), and the value of bp may 
it i | j ( } } “9° -+ ) 6. 2) ° . » : 
ais (1+ bet ip’ +. . .)} ” then be found with the help of eq 6.13. 
trans wept for the details of the dependence of x Over the range of Gibson’s experimental vis- 
n tak pon p. The Van der Waals equation is derived cosity data very little change is made in the values 
fmoler- je" the basis that simultaneous encounters of predicted if simple power series expansions in 
small MM 'iree or more molecules are rare enough to be box, obtained from equations 6.14 and 6.15, are 
olecul glect Only at low pressures is this valid used : 
aad undar es “4° iets —_— mens! sian . “ : 
Ay oe ees this condition terms of the second n/no= 1-4 0.175bpx + 0.7557 (bpx a 0.405( bpx)* 
ista degree and higher in bp are neglected in the deriva- (6.17) 
volvi tion. The funetion — ised 
er he/key = 14-0.575bpx + 0.5017 (bpx)? — 0.204(bpx )* 
lent «= 1+4-0.625bp + 0.28696'p?+.... (6.13) (6.18) 
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The coefficient of the last term of each equation 
would be changed if higher order terms were added 
to eq 6.18, 6.14, and 6.15. Dropping the last 
term of eq 6.17 for nm does not significantly 
change the agreement with Gibson’s experimental 
lata. 

In order to show the general magnitude of the 
theoretical effect of pressure on the Viscosity and 
thermal conductivity of hydrogen the preceding 
equations have been evaluated for several addi- 
tional combinations of temperature and pressure, 
using data from the PVT tables. Table 27 gives 
the values thus obtained. It is seen that the 
calculated relative change in y and & with pressure 
is much more pronounced at the lower tempera- 
tures, for which large deviations from the ideal 
gas law occur even at moderate pressures. 
on viscosity and thermal 


TABLI 


Effect of 


conduct ydrogen 


3. The Viscosity of Liquid Hydrogen 


The first determination of the viscosity of 
liquid hydrogen was made in 1917 by Verschaffelt 
and Nicaise [138] 
logarithmic decrement of the oscillatory rotation 


20.36° K 


from measurements of the 


of a sphere in liquid hydrogen at 
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Later, determinations were made of t] 
of liquid hydrogen from 15° to 20° K, 
Keesom and Mac Wood [139] from mea 
of the logarithmic decrement of an 
disc, and in 1989 by Johns [140], using 


lary flow method. The reported vise: 


250 


Viscosity Of Liquid Hydrogen 
Verschaffelt & Nicaise , 
Keesom & MacWood 
Johns 


= - n 
N o = 
o °o °o 


Viscosity (10° cgs units) 


a 
° 


17 8 
Temperature . °K 


Figure 17. Viscosity of liq iad hud 


17. The values obtai 


Johns are roughly 10 percent greater tha 


shown in figure 


of Keesom and Mac Wood except near th 
point, 20.4° K. 
indication in the papers reporting thi 


ah 
Chere seems to le 


ments that either of these two later set 
dependable than the other. Accordingly 
to represent the present most probabl 

hydrogen was 


Neat th 


the Viscosity of liquid 


principally between the two sets. 


ing point the curve was drawn approxin 


parallel to that of Johns because it was 

the lower value of Verschaffelt: and N 

ported the more regular variation of vise 

temperature as reported by Johns. 

VII. Pressure Temperature Relations {or 
Two-Phase Equilibria for H., HD, and 


D. as Single Components 

In this section are presented data o1 
pressures of solid and liquid H,, HD, and D 
such derived constants as normal being 
peratures and triple-point temperatur d 
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rences between the vapor pressures of 
xtures of o- and p-H,; and changes in 
sures of ortho-para H, mixtures result- 
elf conversion; (2) the pressure-tem- 
lations for the solid-liquid equilibrium 
and D.. 
ations, tables, and graphs. 


The data are presented in the 


r Pressures, Boiling, and Triple Points “ 
sent vapor-pressure data on the hydro- 
fitted with equations of the form 


log, ?=A+ B/T+CT (7.1) 
the accuracy of the experimental data. 
limeter of Hg at 0° C and standard gravity 


lata from this section have been used in 
of Selected Values o emical Ther 

% National Bureau of Standards it 

ch of the U.S. Navy Department. 


is used in this section as the unit of vapor pressure. 
Temperatures are on the Kelvin Seale. 

In tables 28 and 29 the vapor pressures, boiling 
points, and triple points of the different isotopic 
and ortho-para modifications of hydrogen are 
compared. 


(a) H, 


The differences between the hydrogen vapor- 
pressure data reported in the literature [143 to 
146, 148] are the result, principally, of differences 
in the temperature scales used by different observ- 
ers and of unknown differences in the ortho-para 
composition of the hydrogen. 

The vapor-pressure data recently obtained [146] 
at the National Bureau of Standards are on the 
low-temperature scale established at the National 


Bureau of Standards and are for known ortho- 


yressures of the several isotopic varieties of hydrogen at integral temperatures and at their triple points and 
/ A / 2 { I / / 


boli ng points 


were obtained by extrapolation of the vapor-pressure equation to temperatures at which no data were available. The 0-H) table is 


m With respect to composition.| 


Normal hydrogen 75 


THO i 


74.4 Liquid* 


Operties >f Hydrogen 


{ 
1s 


Orthohyvdrogen 100 


percent o-H percent o-H 


deuterium 20.4° K Equilibrium 
wreent deuterium 97.8 
~D percent o-Dy, 


n deuteride 





TasBLe 29. Boiling points and triple potnts of the hydrogens 


Pripele poin 


para compositions. Only the NBS results are given 
here. 


Normal hydroge n (75 
pH, 


percent o-H,, 25 percent 


Liquid: logyl? 
14.9569 


rT 


mim Hg) =4.66687 


+ 0.020537 7. 
Solid: log Pomm Hye) 


17 2059 


i 


$.5648S 


+0.03939 7 


204° WR -equilibrium hydrogen (99.79 percent p-Hy, 
0.2 1 percent o-H, 


Liquid: logy d?(mm Hg) 
14.5450 


7 


$.64392 


+ 0.02093 7. 


Solid: log y/?(mm Hg) 


i. LLM 0.036357. 


The triple-point and 


were determined experimentally with a low-tem- 


temperatures pressures 
perature calorimeter with a platinum resistance 
thermometer for the temperature measurements. 
Equations 7.2 to 7.5 were made to fit these triple 
points, and are based on vapor pressure data 
extending from 10.5° to 20.4° K. Although the 
equation for liquid normal H, is based only on 
National Bureau of Standards data below 20.4° Kk, 
the equation represents, within the limits of exper- 
imental accuracy, the Leiden data that 
nearly to the critical point, 33.19° K. 


extend 
As men- 
tioned in section IV, the vapor-pressure equation 


for normal hydrogen was used in constructing the 
PVT relations for hydrogen. 


The experimentally 
determined triple-point temperatures and pres- 
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sures for n-H, and e-H, are given in 
and 29. 

Figure 18 is a diagram of differences ly 
vapor pressures of a 20.4°K equilibrium mixty 
of v- and p-H, (0.21 percent o-H,) and five diffe, 
mixtures of o- and p-Hy, in the liquid st 
vapor pressure of the 20.4°K equilibriu: 
is denoted by P.,-#, and that of any oth 
by P., 


single mixture whose composition is ini 


ure): Hach curve of the graph 


the graph by its e-H, composition. The 75 pe: 
curve is for normal hydrogen. The vapor press 
differences AP are plotted as a function of : 
vapor pressure of the 20.4°K equilibrium hydro, 
The circles represent the experimental data 

Figure 19 shows the vapor pressure differ 
of figure 18 extended into the solid range, for | 
tures of 38 and 75 percent ortho compositio: 
the extreme right of the figure, these mixtur 
the e-H, with which they are compared 
liquid. Passing to the left, the first sharp 
encountered on either curve corresponds 
triple point of the mixture. 
break corresponds to the triple point of ¢-H 
the left of the last break, both materials a: 
Between the two breaks on either curv: 
ture is solid but the e-H, is liquid. 


The second s 
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Figure 18. Vapor pressure differences for | 


H, mixtures. 
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— Powmxture) MM OF HG 
ow = 


AP» Pre-He) 


30 40 50 60 70 60 
Pce-H2) MM OF HG 

aj) or pressure diffe rences for solid ortho-para 
H. mixtures. 


omparison of the A?’s for different mixtures 


F j 
- aha 


p-H, in figures 18 and 19 shows that the 


are not proportional to their corresponding 


enees In Composition. 
ideal solutions the ratio AP/Ar, where Ar 
difference in composition, is independent of 


omposition at constant temperature. In 


20 this ratio is plotted for four temperatures, 


reles representing the experimental vapor 


ire data as given by pomits on the smooth 


s of figure 18. Figure 20 shows that the 


pressures of ortho-para mixtures differ 


tly from ideal solution predictions. 


vapor pressure differences (P.-4,—P») for 


es of o- and p-H, of any composition at 
16.00°, 18.00° and 20.39° K may be caleu- 
from the isotherms of figure 20. Other 


rms may be determined with the hetp of 
= 1S and 19. By extending the isotherms 
sure 20 to 100 percent o-H,, the vapor pres- 
of pure liquid o-H, was determined. The 


ving equation represents the vapor pressures 
liquid e-H, obtained in this way: 


| 
‘ 
a 


45.0439 
logue? (mm Hg)=4.65009 — ap + 


0.0211687 (7.6) 
-point temperature and pressure of 
termined by a quadratic extrapolation 


point temperatures and pressures of 


ot Hydrogen 


e-H,(20.4° K), m-H,(38 percent o-H,) and n-Hp. 
The values thus obtamed for 0-H, were 14.05° 
K and 55.1 mm Hg. These are in agreement 
with eq 7.6 for the vapor pressure of liquid o0-Hy. 

If linear extrapolation is used, omitting the 
values for m-H,, one obtains 14.00° K and 54.4 mm 
Hy as lower limiting values of the triple point con- 
stants for o-H,. The triple point constants of 
m-H, were obtained by reading the values P(e-H,) 
and AP corresponding to the upper break in the 
38 percent curve. The difference of these is the 
triple point pressure of m-H,. By substituting 
P(e-H,) into the vapor pressure equation (eq 7.4) 
for liquid e-H,, the triple point temperature of 
m-H, is obtained. The uncertainties in these de- 
rived triple point constants of m-H, and 0-H, are 
greater than for the experimentally determined 
values for e-H, and n-Hy. 

The vapor pressure of a nonequilibrium mixture 
of o- and p-H, changes slowly with time because of 
the slow conversion of a nonequilibrium mixture, 
liquid or solid, to the equilibrium composition. At 
its normal boiling point, the vapor pressure of 
n-H, changes at the rate of 0.23 mm Hg per hour 
[148]. Paramagnetic substances increase the rate 
of conversion. The rate of increase of the vapor 
pressure at 20.4° K of a sample of hydrogen con- 
taining 0.01 percent oxygen was about three times 
that for pure hydrogen. 

The interconversion of ortho and parahydrogen 
in the absence of molecular dissociation is the re- 
sult of an intra-molecular rearrangement of pro- 


os 


IN 
uw 


CHANGE 
CONCENTRATION OF 0-H, 


bPre-m) 


| 
—— 
CONCENTRATION OF 0-H» 


Figure 20. Deviations of vapor pressure of ortho-para Hy, 
mixtures from law of ideal solutions. 
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tons in the presence of a strong magnetic field, 
inhomogeneous on a scale of molecular dimensions. 

As p-H, has no net nuclear magnetic moment, 
the self conversion of nonequilibrium mixtures 
results only from the interaction of o-H, mole- 
cules, which do have a nuclear magnetic moment, 
with each other and with p-H, molecules. Hence, 
the ortho-para conversion in liquid and solid Hy, 


is a bimolecular change. 
d{o-H1,) dt =k,{o-H,|? —k.[o-H,] [p-H.| (7.7) 


The velocity constant sk, is much smaller than /;, 
in accord with the small equilibrium proportion 
of o-H1,. At equilibrium, where d{o-H,] dt is zero, 
hy ky = (0-H) [p-H,). Values of equilibrium con- 
centrations are given in table 12. For liquid hydro- 
gen the velocity constant 4; for conversion is 
0.0114 per hour when concentrations are expressed 
in mole fractions. The value of 4, for solid Ha, 
0.019 hr-' [147], is larger than for liquid H, but 
decreases with time due to the immobility of 
molecules in the solid. The initial value of &, is 
restored however by melting and freezing. 


(b) D; 


The vapor pressures of normal and equilibrium 
deuterium were measured [149] relative to the 
vapor pressure of liquid n-H, from 14° to 20.4° K. 
As these measurements are independent of a 
temperature scale their functional relations are 
given. Vapor pressures are expressed in terms of 
mm of Hg at standard conditions. 

Normal deuterium (66.67 percent o-D,, 33.33 
percent p-D,): 


Liquid: logy P(n-D,) = — 1.3376 + 1.3004 logy 
P (n-H,). (7.8) 

Solid: logyJ?(n-D:») 1.9044 +- 1.5148 
logyol?(n-H,). (7.9) 


20.44 Equilibrium deuterium (97.8 percent 
o-D,, 2.2 percent p-D,): 


Liquid: logit? (e-D,) 1.3302 + 1.8000 
logy! (n-H,). (7.10) 

Solid: logyJ?(e-D,) 1.8873 + 1.5106 
logyl? (n-H,). (7.11) 


Substituting for log, P(n-H,) values given by eq. 
7.2 for liquid n-H, the following equations for 
logy/?(D,) are obtained: 


plo 
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Normal deuterium (66.67 percent o 
percent p-D,): 


Liquid: logy/?(mm Hg) = 4.7312 


-Q.O2671 7. ~ 


Solid: logy /? (mm Hg) = 5.1626 = 


-O.O31L107. - 


20.4°K equilibrium deuterium (978 yy 
0-Dz, ye percent p-D, 


Liquid: logy /?(mm Hg) = 4.7367 


LOQ.O26707. r 


Solid: logy/?(mm He) = 5.1625 


0.03102 7, rar) oe 


The triple-point temperatures and pressures 
D, given in tables 28 and 29 were obtaine 
simultaneous solution of the vapor pressur 
tions for solid and liquid. 

The self conversion of nonequilibrium MIX 
of o- and p-D, proceeds at a very’ much slower 
than for H,. Thus no increase in the vapor | 
sure of liquid n-D, resulting from self cony 
was observed at 20.4° K over a period of HT 
hours [149]. The estimated probable error o! 
observations extending over 100-hour periods H 
+0.27 mm Hg. The small rate of self convers 
of D., compared with Hp, is a result of the si Lib 
magnetic moment of the deuteron compared wig DT 
the proton. The ratio of nuclear magnet: 
ments D/H is 0.26. The relative rate of sell | 
version for the same displacements of D 


H, from the equilibrium ortho-para compos Fror 
is proportional, as to order of magnitude ¢ By 
the fourth power of their relative magnet t] 
ments, that is to 0.005. Allowing for the s! the | 


displacement of n-D, from equilibrium com! 
tion and the smaller difference between thy 
pressures of the ortho and para varieties ol Uggs 
the expected ratio of the rates of vapor p 
change, n-D, to n-H:, is of the order 


/ 
a 


For a more detailed discussion see ref 


(c) HD 2. Pr 

As the two nuclei of the HD mole: 
similar, hydrogen deuteride does not Th 
and para varicties. Measurements 0 HD 
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f HD extend from 10.4° to 20.4° K smooth curves drawn through the experimental 
© following vapor-pressure equations data (H,, [153 to 157]; HD [150]; D, [174]) and 
e to fit the triple-point temperature cover the same ranges of pressure and temperature 
. measured with a platinum resistance as the data. Figure 21 is a diagram of the devia- 
ter in a calorimeter in which the solid tions of the data for n-H, from the table. The 
| phases were in equilibrium. dashed line shows a 1-percent deviation from the 
table and the full-line curve represents the devia- 
tion from the table of the equation 


suid: logy P (mm Hg)= 5.04964 
2495 logy (237.1 + P) =1.85904 logy 7'+0.24731, (7.18), 
r 


YO — 
+0.014797 
where P is in kg em~?. 
Solid: logy P (mm Hg)=4.70260 
TABLE 30. Meltina te m pe rature-pre ssure relations for 


4 ins atl 
+0.041017 (7.17) n-H», HD, and n-D, 


56.7 15+¢ 


T 


triple-point pressure of HD given in tables 
Sand 29 can be obtained from either of these n-Hs HD oie 
lations. 


(d) HT and DT 4 kgem kg cm~ kg cm-? 


0 


Tritium, T, the hydrogen isotope of atomic i 1 


cht 3 is radioactive and has a half-lifetime of 7 -s 
Svears [151]. Its disintegration products are 
negative B-particle and He*. Because of its 
mparatively short half-life, the natural abun- 
nce of T in hydrogen is extremely small. Libby 
Barter [152] determined the vapor pressures of 
{T and DT using T made by the irradiation of a , . 108.6 
of metallic Li with neutrons (Li®*+n—- 
T The tritium held by the Li as LiT was 
erated by the reaction of HO or D.O with the 
Liblock. Gaseous H, or D, with a trace of HT or 
‘T was obtained. The gas was liquefied and 
evaporated, and the radioactivity of the 
porated vapor was measured as a function of 
volume of the remaining unevaporated liquid. 
‘om a comparison of the radioactivity of the 
por leaving the liquid during different periods 
the evaporation, Libby and Barter calculated 
«vapor pressures of HT and DT, making use of 
solution laws for this purpose. They ob- 
ned for the vapor pressures of HT and DT, 
4 +16 and 123 +6 mm Hg, respectively, at the 
mal boiling temperature of hydrogen (20.39° K). 
vy extrapolation, they estimated that the vapor 
ssure of T, at 20.39° K is 45 +10 mm Hg. 


2. Pressure-Temperature Relations for Solid-Liquid 
Equilibrium 


Figure 22 is intended to show the relation 
between the melting pressures of n-H,, HD, and 
melting, or freezing pressures, of n-Ho, n-D,. The curve for n-H; is a graph of table 

n-D, given in table 30 are based on values. The curves through the experimental 
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Figure 21 
data for HD and D, were obtained by a simple 
vertical displacement of the H, curve and show 
that the differences in melting pressures of the 
three isotopic varieties are only slightly dependent 
upon the temperature. These differences 
pressure are 89.6 kg em? for H, and HD and 
170.6 kg em~* for H, and D,. As the change of 
melting pressure with temperature, dP/d7, has 
nearly the same value for H,, HD, and D,, if 
compared at the same temperature, it follows from 
the Clapeyron equations that Z,/6V, the ratio of 
the heat of fusion to the change in volume on 
melting, also has nearly the same value for the 


three isotopes when compared at the same value 
of T. A similar statement can be made for S,/6V, 
the ratio of the entropy of fusion to the change in 
volume on melting. 

The table values of melting pressure for HD 
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Melting pressure of n-H, as a function of te m perature. 

















| 


80 








50 60 TO 


and D, were obtained from curves drawn thew 
the experimental data and not from thi 


> y . 99 
figure 22. 


VIII. PVT Data for the Condensed Stats 


The available date of state for the con 
phases of H,., HD, and D, are meager {158 | 
and in general not accurate enough for th 
tion of reliable values of thermodynamical | 
The data on the liquid, howev 
used in the construction of the liquid regions 


ties. 


o versus p diagrams, figure 6, and the 7 





diagram, figures 31, 32, and 33. 
1. Liquid H,, HD, and D 


In table 31 are given the mola: 
liquid n-H,, p-H,, HD, and n-Dy in equ 
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TABLE 31 Vola rolumes of normal h ydroge n, paral ydro- 
gen, normal deuterium, and hydrogen deuteride, in the 


liquid state 


\ 1 juid a turation 
7 
H H D Hl 
A r nole n? mole 
s 176 
” J Tis 
‘ %. 119 *, 29 
1 wT SIS 
( 6.72 Om}, NE 
16. 4 24 487 
7 7 Of 7.179 24. 504 
“ 7. 424 27. 49 24.88 
&. 72 * 182 
19 27. S1f 7.44 23. 237 1 
” m 239 % 368 7. 52 2 2 
1.29 ~ 401 
a4 1 
mn tn) 


with vapor from the triple point to the highest 
temperature of measurement. From the triple 
point to 20.4° K, these equilibrium molar volumes 
have been represented by the following equations, 
in which temperatures are on the Kelvin seale: 


Normal hydrogen (163): 


24.747 —0.08005 T+ 0.012716 7°. 


(S.] 


Viem mole , 


Parahydroge n [163]: 
24.902 — 0.0888 7+ 0.013104 7°. 


(8.2) 


Viem® mole 


Tydroge n deuteride | 150): 


Viem'® mole 24.886 — 0.30911 7+-0.01717 T°. 
(8.3) 
Normal deuterium |174): 
Viem*® mole! 22 965 — 0.2460 T+ 0.0137 T°. 
(8.4) 


Table values at 20.39° K and lower were calculated 
from these equations. Values of the molar volume 
of liquid normal hydrogen above 20.4° K were 
obtained from the experimental data of Mathias, 
Crommelin, and Onnes [161] with the help of a 


sensitive interpolation method based upon the use 
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of an empirical equation and a devia 





A change was made in the experimental! 
because the value used by Mathias, Cromy 
and Onnes for the density of gaseous | 
standard conditions differs from t! rec 
mended in this paper on page 396. 
Bartholomé [177] measured the molar yoly 
of liquid n-H, and n-D, as a function of | 


sure at three temperatures between 16° and 


K. The measurements extended from the \ 
pressure to nearly the freezing pressure. Smoot 


values of molar volumes are given in tables 

33. Bartholomé showed that isothermal] ch 
in volume to about 9 percent of the volu 
“saturated” liquid can be represented to \ 





the precision of his measurements, + 0.05 
mole! by Eucken’s equation 


l 
y" ; E \ at aP |, Ns 


in which V, the molar volume of the liq 


) 


expressed as a function of the pressure / 
the molar volume extrapolated to zero pres: 





and @ is an empirical constant dependent 





the temperature. Tables 32) and 35 


values of the molar volumes of liquid n-H 





n-D, at freezing pressure for the three ter 
tures of Bartholomé’s measurements 


TABLE 32. Molar rolumes of liquid n-H 


temperatures and pressures. 














I u T'=16.43° kK T=18.24° kK 
I ri ole cm mole 
0 26. 87 27. 54 
Ww 26. 59 27.18 
2 ”}, 20 72 
4) Zo. 06 2H. li 
25. 20 2 , 
suf 25. OS 
100 2 ‘ 
oF 24.71 
in 24. 4 
151.08 24. 27 
200 
241.53 
. mole 50310 mole® 
a 380 10 — @=x 5 $= 1 cm"*kg i 


* The values at zero pressure were obtained by ex 


with the molar volumes at saturation vapor pressure ¢ 
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Volar volumes of liquid n-D, for various 


1 gray \f 
tal « temperatures and pressures 
omme 
19.70° K T=0.31° K T=20.97° kK 
irogey 
rece mole cm! mole cm mole 
23.44 23. 63 23. 84 
23. 24 23. 37 23. 50 
volur 23. 06 23. 16 23. 35 
: 22. 89 22. 97 23.14 
of pres 22. 74 22.79 22. 95 
ana 
22. 70 
he va 22. 63 22.77 
Smoot} 22.49 22. 0 
| 2D) 22. 36 
CS 62 and 
aha 22. 45 
al char v 
22.30 
volum roe 
tO Withy 22.05 
O.05 moles os _,, mole — moleé 
Ors keg eee Oc kg |= 1 OE KOs ke 
» pressure were obtained by extrapolation consistent 
\3 volumes at saturation vapor pressure given by eq 8.4. 
2. Solid H,, HD, and D, 
liqui = , ; 
> The erystal structure of solid hydrogen is 
hought to be hexagonal close-packed, on the basis 
» press , é : : , 
i. fan X-ray investigation of solid parahydrogen 
dent i : d : 
w the Debve-Scherrer method at the tempera- 
J l 5 . . . 
i we of liquid helium, conducted by Keesom, de 
li- l . . 
medt, and Mooy [162]. 
temp . 


Tables 34 and 35 contain all the available experi- 


PABLE 34. 
n-He HD 
; P Volum Volume 
e o . 
Volume Volume 
of solid change on { solid change on 
fusion fusion 
IN kg/cm? cm); mole cm; mole em; mole em; mole 
OS. 7 
6.5 
0.17% 
12t 21.54 2.6 
152.0 22. 24 2. 03 
82. ¢ 22. 78 2.30 
0. 07 23. 25 2. 8. 
22. 65 
0 22. 65 
Mi 22. 49 
25 22. 30 
1) 22.03 
7 21.80 
100 21. 
0 » ST 
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mental data of state on solid H., HD, and Dy. 
Molar volumes at 0° K were obtained by calcula- 
tion. 

Molar volumes of the solid at the triple point 
given in table 34 were obtained by subtracting 
the volume changes on fusion from the triple point 
volumes of the liquid calculated from eq 8.1, 8.3, 
and 8.4. The volume changes on fusion, given 
in table 34, were calculated using the Clapeyron 
equation with the calorimetrically measured heats 
of fusion (section LX, 3), and d/’/dT for the solid- 
liquid equilibrium at the triple point (section 
VII, 2). 

Molar volumes of the solid in table 34 above 
the triple-point temperature were obtained from 


Bartholome’s measurements of the change in 
volume on fusion at the temperatures given in 


table 34, and the volumes of the liquid at melting 
pressure given in tables 32 and 

The molar volumes of solid H. and D, at 4.2° 
K in table 34 were measured by Megaw [165] with 
a picnometer in which the solid H, or D, was sur- 
rounded with liquid helium, the volume of which 
had previously been measured as a function of 
The compressibili- 


9” 
oo. 


pressure at this temperature. 
ties of solid H, and Dy, at 4.2° 
5, were calculated by Miss Megaw from the 


K, given in table 
» 
1 


results of these measurements. 


Molar volumes of solid n-Ho, H D and n-l do and volume changes upon fusion 


n-Dy 
Volume Remarks 
Volume ihn ay 
of solid change on 
fusion 
cm/ mole cm, mole 
2. 07 1.98 |]. 
T and P for solid-liquid equilibrium, 
20. 20 216 ) 
20. 48 2.66) n-D» triple point 
HD triple point 
- ; 
T and P for solid-liquid equilibrium. 
} 
n-Hy triple point. 
19. 56 Solid-vapor equilibrium, 
10. 56 
19%) 
19. 41 Smoothed values based on direct experimental 
19. 28 determination 
14. 16 
19. 06 
19. 49 By calculation. 
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TasLe 35. Experimentally determined compressibilities, Simon and Lange [171] between 10° a »() 














k 
SP) of solid H, and D, at 4.2° K before the discovery of parahydrogen. (ys 
sft and Hiller [172] measured (1929) the specific jy, 
ee ay Poe of solid and liquid parahydrogen over the sj) 
punie and range of temperatures and obtained the o) , 
values, within experimental error, for the specii 
cm ke i] . 
ba poemn btn en 68ai5xte+ | 4542 xI0+ heats of parahydrogen as had been obtained } 
At pressure 100 kg em 82x 10- 2.1x10- Simon and Lange for supposedly norma! hiydpom 
Average for range 0 to 00 ke en 5.0 +05) 10-4 3.3 +0.7)xl0-* - a Vl 
, ; Mendelsohn, Ruhemann, and Simon {173} mp. 
a ured (1931) the specific heats of several mixtyns 
Miss Megaw calculated the expansivities of of ortho- and parahydrogen between 2.5° 4 : 
5 P Do « ’ 4 i ’ j ; ’ ~ , rl . 
solid H, and D, at 4.2° and 11° K, given in tabk 11.5° K. Their results on pure  parahydrog 
36, using the formula were In agreement with the earlier measureny 
IV\ “dV of Clusius and Hiller, the data from 2.5 
myy>r ff 4 ( 
c,—C Tv ( >) ( )> (8.6) 
d7 P dP T 4 ; ee T T )) 
. . . . “se 13 ~ ° 
with the calorimetrically determined specific heats 
1.2 2 . . ‘ 
at constant pressure and volume, and the com- . om ee 
pressibility measured at 4.2° K (table 35). tt] 6 s9 + -« . ++ ; 
mo 75 ° ° . ‘i 
Te 
TABLE 36 Ex} ansiviltes, vl aT)’ oj solid H, and D, 209 
calculated from ( p ce = 
« 08 T 
a 
a 
1 Hi, D |, 07} 
at 
oO 6 } 
h k h ‘s 
! { ™ ii o.17« 10 hed 
— Oos 
Oaf + , 
The compressibilities and expansivities of solid 0.3-— 
H. and D, are large when compared with values of 0.2}-—+ ; 
these properties for other substances. This is 0.1 ¢ 
ascribed to the zero-point vibrational energy of the 
lattice which for hydrogen is an unusually large o | ‘ 
fraction of the negative potential energy of the ; 
: 'l™.,: : Figure 23. Specific heat, C,, of solid H 
lattice. This accounts also for an unusually large 
; 7 ‘ oz 7 . hy ortho-para com posuions. 
variation in the compressibilities of H, and D, with 
pressure (see table 35), and for the variation with 14° K fitting rather closely a Debye fw 
7 and V of d In @/d In V, which derivative of the with O=91° K. 
Debye @is usually regarded as a constant for other The data of Mendelsohn, Rulx 
solids [165]. Simon are shown in figure 23. It is seen that 
; temperatures below 11° K, the specific heats 
IX. The Thermal Properties of the salad bape 
mixtures containing orthohydrogen are lar 
Condensed Phases proms. dor —~— 
than for pure parahydrogen. This difference i 
In this section are included the calorimetrically specific heats is connected with the multip! 
measured properties: specific heats and heats of — of states belonging to the lowest 0-H, rotational 
fusion and vaporization. level, J=1. The different states, thre nun 
ve : — ‘-orrespo ) ‘ee different orienta s of the 
1. Specific Heats of the Solids and Liquids correspond to three different ori . 
(a) Hyd angular momentum vector of an o-[l, moi 
a rogen : . . wilt 
— relative to the electric field in tl vadrog 
The specific heats at saturation pressure of solid crystal. At 0° K, all o-H, molecul thes 
and liquid hydrogen were measured (1923) by orientation state of lowest energy. my 


462 Journal o! Researclg p, 





speci 
Lined hy 
vdrog 

| Meas. 


MiXtures 


oie 
+ ir | 
‘ Wun 


tesearca 


tures he order of ALK, where AF is the 
differ in the energy of the states, the dis- 


tribution of o-H, molecules over the three states 
changes rapidly with change of temperature. 
Along with this there is an absorption of energy 


nerease in specific heat. 


and a As tempera- 
; approached that are high compared 
with Ak, the distribution of o-H, molecules 


bocomes uniform over the three orientation states, 


tures 


and the specific heat of orientation approaches 
wro. It may be seen from figure 23 that 12° K 
s effectively a high temperature for this distri- 
bution, and that at temperatures above 12° K the 
distribution over the three J=1 states must be 
uniform. 

heats, (,, of 


pract It ally 


The specific liquid and _ solid 


hydrogen along the saturated vapor lines are 
viven in table 37. The C, curves of figures 24, 
25, and 26 for n-H, at temperatures above 11° K 
represent this table. 

In figures 25 and 26 the heat capacity, C,, of 


SERRE 


~ 
° > 
6 =+ a tt j 
- + 0, 
- $ . —‘;——4 ] 
c x He 
is 
“6 -- 
° 
2 
ai 
< 
° 
é ’ 
Ps} 2 4 ” a 
1 Oz 2 en ot | | 
ite HD 
0 a oe me 
0 " 12 13 14 15 16 7 18 9 20 2! 22 
TK 
bk 24. Specific heat, C,, of solid and liquid H,, HD, 
and D». 
0, 
5 P He 
ix 
Ww ai 
a 
£4 Gs 
a 
da 
oO ee. 2: 
° c 
3 : ae a l — 8 
2. = a I 
14 16 18 20 22 24 


Ficure 26. 


Properties of Hydrogen 








| ; ee... 
ge yr 
} d, 0° > | 
2 Y ‘ 
= 2} a ; De + ; 
% ~ Fal Cy 
wv = a 5 
3 | - a 6° og” | 
2 ; bt 5 } | 
yy” ot 
2 % o” 
J! ppt = 
| r * 


\ 
‘ 


10 2 6 18 20 22 


Figure 25. Specific heats, C, and C,, of solid Hy and D, 
solid and of liquid n-H, at constant specified values 
of the density are compared with the heat capacity, 
C,, of solid and liquid n-H, in equilibrium with 
It is to be noted that the (, 
curves of these two figures are not for (C, of solid 


saturated vapor. 


and liquid H, along a line of equilibrium of vapor 
The (’, measurements on 
the solid were made by Bartholomé and Eucken 
[176] at the density of solid H, at a melting temp- 
erature of about 19° K. The C, measurements 
for the liquid were made by Eucken [169] and by 
Bartholomé and Eucken at densities ranging from 
0.034 to 0.077 g em™* (380 Amagats to 860 Ama- 
The density of liquid n-H, at its normal 
boiling point is 0.07097 g em™* (789.7 Amagats). 

The difference between C, in figure 25 for the 
solid at constant density and (’, at densities of 


and condensed phase. 


gats). 


the solid along the solid-vapor equilibrium line 
is small. The corresponding difference for the 
liquid is larger and, at the critical temperature 
33.19° K, is ci the order of 1 or 2 cal mole”! °K™ 
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TABLE 37. Spe cific heats at saturation pressure of normal és along the liquid-vapor line being ore r 
’ corm dei "Lu 1. . ’ ‘¢ 
hydrogen, normal iterium, and hydrogen deuteride in The difference between (, and (, for hy 
the solid and liquid states 























rove is 


large when compared with the differences | 


other substances having higher ling tempe) I’ 
Hydrogen Deuterium Hydrogen deuteride th le: vances ha —_s high : boiling Mnper 
r tures. In general, (C,—C,) is large for |p \ 
CG State CG State C. State boiling substances because of their larger expyy. 
sivities. s 
cal mole cal mole-' ost eae l _ s | 
kK deg deg deg The Debye 0 in the Debye specific heat fy 
1 0.58 Solid . % ’ . 
1 76 |._.do 0.88 Solid tion that fits the C, data on solid Hy, is 105° K 
4 ewe i =| ee This may be compared with 91° K for ¢ : 
13 16 do 1.18 do 1.03 Do. pom . ais 
13.96 1.37 |. do The specific heats at constant pressure of co; 
ios pressed liquid hydrogen and gaseous ‘ydro va 
6 3.31 Liquic ae ei i a 
“4 3.31 do 1.39 do 1.39 Do were measured by Gutsche [178]! for temperatures S 
. 9-4 ew oo = hes “a from 16° K to 38° K and for pressures of abo : 
16 3. 63 do 1.9 do 2.17 do 
16.60 2 42 Do 10, 25, 40, 60, SO, and 100 kg em~?, using a calo 
‘ena meter so arranged that approximate constaney | 
16.00 4.40 Jiqui 2 
? 3.83 | do 221 | do 53) Do pressure was maintained by manual operatior 
- 668 |...< S35 |... ie) Oe valves permitting fluid to pass from the cal 
18.72 254 do ; ‘ . : ) 
meter. Asa result of this experimental proced P 
oon o | que the mass of hydrogen in the calorimete: : 
1 4.27 do 4. 86 do 5. 20 Do a Me 2 
» 4.50 | do 5.08 |. do 5.49| Do smaller at the higher temperatures, and cons 
= ao |---o pe a quently the accuracy of measurement is proba! 
[2 5. 52 do 6.09 ho - : : 
< { 


lower at the higher temperatures. 
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Ficgure 27. Specific heat, C,, of compressed liquid and gaseous H). 





464 Journal Research Pr 


1176 


" WeT) Is 


‘Mm pera- 
Tr low- 
€Xpan- 


it fune- 


k 


f com- 
droge) 
ratures 
f about 
calor : 
Any ol 
ition of 
! 
Calori- 


eoduy 
ced 


robab \ 





In fig 27 are plotted Gutsche’s experimental 
dotted curves as drawn by Gutsche in 
his paper to represent the experimental data. 
The full line curves apply only to the vapor and 
biained by calculation from the PVT corre- 
of preceding sections of the paper and 
The 
The 


full-line curves beginning on this heavy curve, or 


data W 


were 0 
lations 
epecific heats in the ideal gas state, table 8. 
heavy curve shows (, for saturated vapor. 


caturated vapor line, sloping downward toward 
the right represent the specific heats, C,, for the 

Parts of 
<imilar curves also based on the PVT data are 
hown for 11 and for 13.41 kg em~?, the critical 


vapor at pressures of 5 and 10 kg em~. 


pressure 
For temperatures above the critical, the dashed 
ives of Gutsehe for 10, 25, and 40 kg em~? are 
quite different from the full line curves based on 
PVT data. 
em? is certainly incorrect at 
temperatures, as the actual deviation from = the 


The dashed curve for the gas at 10 
the highest 


deal gas law for hydrogen is such as to increase 


“! mole! 


(, above the approximately 5 cal deg 
the ideal gas at these temperatures. 
lt is seen in figure 27 that Gutsche’s experi- 
tal values for the liquid seatter considerably. 
I: is believed that Gutsche’s recommended values 
(, for liquid hydrogen, represented by the 
ashed lines in figure 27, are too high. In figure 30 
shown two sets of isobars, / and £”’, on a 
mperature-entropy diagram for liquid hydrogen. 
The full-line curves, £&, 
Gutsche’s ©, data; the dashed curves, 2’, are the 


were calculated from 
st fit for all the thermal and state data on liquid 
ivdrogen and are the ones used in the construe- 
of the temperature-entropy diagram. As 
p=—C',/T, the two sets of isobars, / and E£’, 

ply different @,’s and that 
ues of ( are too high to be consistent with the 
The differences 
of the order of 15 pereent in the C,38 of liquid 


show Gutsche’s 


on liquid hydrogen. 


iwdrogen. The ratio ©,/C, for liquid hydrogen 
equilibrium with vapor was calculated from 


velocity of sound in liquid hydrogen, and C, 


s obtained by combining this calculated value 
»(C,/C Pitt 
on [175] obtained the value 1,127 m 


»), With (, from figure 26. 


lor the velocity of sound in liquid hydrogen 

Using this with a value of (dV/dP) 
d from Bartholomé’s data (VIII), one 
us a value of 5.07 cal deg mole for C, 


1 20.46° Kk 


trapolat 


Properties of Hydrogen 


for liquid hydrogen in equilibrium with vapor 
(~1 atm) at 20.46° K. 

This is slightly lower than would probably be 
obtained by extrapolating Gutsche’s curves to 
l atm. 

(b) D, and HD 


In figure 24 the specific heats C, at saturation 
pressure of liquid and solid n-D, and HD are 
compared with ©, for H,. The D, measurements 
were made by Clusius and Bartholomé [174] and 
the HD measurements by Brickwedde and Scott 
[150]. The solid D, data are fitted, within experi- 
mental accuracy, by a Debye function with 0 
89°. 
fitted over the range of measurement with a single 
value of 6. Thus 0 for C, of HD at 16.3° K is 79°, 
whereas for 12.5° K, 0 is 98°. As the Debye 
C,, this failure 


The data on solid HD, however, can not be 


function is intended to represent 
to fit the C, data is not surprising. 

In figures 25 and 26 the specific heat C, at con- 
stant volume of solid and liquid Dy, is compared 
with ©, for D, and C, for H,. A Debye funetion 
with O0=97° fits within experimental accuracy 
the C, data for solid D,. This value of © for solid 
D, may be compared with 105° for solid H,. Aec- 
cording to the simple theory of lattice vibrations, 
which assumes simple harmonic restoring forces 
in the lattice,@ would be proportional to 1/4 ./ 
and the 0’s for H. and D» would be in the ratio 
¥4/2=1.41. The ratio of the experimental values 
however, is 1.08. This is evidence that the lattice 
restoring forces in solid H, and Dy, are strongly 
anharmonic. 


2. Latent Heats of Vaporization 
(a) Normal Hydrogen 


Simon and Lange [171] measured the heat of 


vaporization of normal hydrogen at several 
temperatures between the triple point and the 
boiling point. They found that heat of vaporiza- 


tion, in calories per mole, was given by 
L,=219.7—0.27 (T— 16.6), (9.1) 
where 7 is the Kelvin temperature. 
(b) Mixtures of o-H, and p-H, 


As orthohydrogen and parahydrogen are very 
closely related, it might be expected that their 
would related very 
simply to those of the pure components. Never- 


mixtures have properties 
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theless, the H, vapor-pressure data of Brickwedde 
and Scott [146] given by the equations and graphs 
of Section 7 show that the ortho-para H, mixtures 
do not follow Raoult’s law for ideal solutions. A 
simple application of the Clapeyron equation in 
the form applying to a pure substance indicates 
that the latent heat 
internal energy of the liquid and solid do not follow 


of vaporization and the 


a linear, but rather an approximately quadratic 
dependence upon the composition. This same 
qualitative result is obtained when account is 
taken of change of composition by fractionation 
during vaporization. Functions approximately 
linear in z, the ortho mole fraction, are obtained 
when Laix— Leq, the difference in latent heats, and 
Fg — Feats, the difference in the internal energy, are 
divided by I mix leq: the corresponding difference 
in the ortho mole fraction. The subseript ‘eq’ 


indicates the ortho-para mixture that is at 
equilibrium at 20.4° K, containing 0.21 percent 
of ortho- and 99.79 percent of parahydrogen. The 
refers to any other mixture for 
which data were obtained. When the line for 
AE Ar is horizontal, it indicates that ideal solution 


The line has a clear indication of 


subseript “‘mix’”’ 


laws apply. 
slope, as shown by the continuous lines in figure 
28, indicating that ideal solution laws do not 
apply. In the graph for A/’/ Av, the points for the 
liquid include a contribution of about 7 percent 
related to change of composition due to fractiona- 
tion. The lower dashed line shows the result 
when this correction is omitted. For the solid it 
was thought proper to omit the correction for 
this effect 
due to slowness of diffusion in the solid 


because departure from equilibrium 
would 
make it too uncertain. The upper dashed line 
shows the result for the solid when such a corree- 
tion for fractionation is included. 

The use of straight lines for A/’/Ar, the divided 
difference of the internal energy, has a theoretical 
justification apart from the fact that the scattering 
of individual values is so great as to obscure the 


If the 


internal energy of the liquid is a simple sum of 


exact shape of the curve for the liquid. 


independent energies of different molecular pairs, 
all of essentially equal probability of formation, 
then the energy has the form 


E=7E,,+2zr(1—z) E.,+ (1 
In this case, the differences E..— Fai. divided 


by the corresponding differences in « for the mix- 
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tures of different compositions will by 
dependent on s. The slope of this 
E.,,—E,,—E,, and the value of the or 
r=—Ze is 2 (E,,—E,,). From the 
figure 28, it will thus be found that F,, 
and F,,—E,, is 4.2 cal mol 
liquid. For the solid the corresponding \ 


cal mole 


0.6 cal mole! and 5.4 eal mole™', resper 
The relative size of F,,—E,, as compare 
I, —E,, suggests that most of the deviation fy 
ideal solution laws is due to special effects bety 
o-H, molecules. 

From the seattering of the points plotie 
appears that ordinates are uncertain to (2 
cal mole! 


mole! for the solid 


for the liquid and possibly to 
The use of the straight 
for \L/Axr in figure 29 is very nearly consistent \ 
its use for A//Ar and is allowed within the seat: 
ing of the data. Combining the results for 
dependence upon composition with the results 
Simon and Lange for normal hydrogen, the late: 
heat of vaporization of liquid hydrogen in ealo 
per mole is approximately 


217.0—0.27 (T—16.6)?+-1.474-2.9 


for any mixture of 0-H, and p-H., where 
orthohydrogen mole fraction 


Solid at 


Liquid of 








X, ortho -hydrogen mole fract 
Ficure 28. De pe ndence of internal energ 
liquid H, upon the ortho-para com pos 


Journal of Mesearch 





12° K 
Solid at < 13° K 
135° K 
iss K 
Liquidat { 38, 
| | 20.39°K 








0.4 06 0.8 


X, ortho-hydrogen mole fraction 


De pr ndence of latent heats of vaporization 


nation of hydroge n u pork the ortho-para 


The heats of fusion of para- and normal hydrogen 
reported in table 38 as being equal within 0.03 
mole. On the basis of the two distinct 

straight lines for liquid and solid hydrogen in 
ire 29, it would be expected that the difference 


uld be about 0.7 eal mole!. The reason for 


his diserepaney is not known, though it may sug- 
wst that the lines for the liquid and solid should 
more nearly identical. 


PaBLe 38. Late nt heats of fusion 


Heat of 


fusion 


cal mole 
Zs0 
28. 0s 


38.1 


inner in) which the vapor pressures 


"% composition and temperature has 
med the basis for the treatment of latent heats 
' Yaporization given in this section. Cohen and 
nd Schiifer [164] have given theoretical 


f the vapor pressures of ortho and 


Uy Vv 166 


USCUSSIO] 


Properties of Hydrogen 


para H, and D,. Cohen and Urey did not expect 
deviations from the law of perfect 
Schifer suggested that forces connected with ro- 


solutions. 


tation within the crystal lattice might account for 
vapor-pressure differences. 


(c) Normal Deuterium 


Clusius and Bartholomé [174] measured the 
heat of vaporization of normal deuterium, ob- 
taining the value 302.3 cal mole! at 19.70° K. 


(d) Mixtures of o-D, and p-D, 


The difference in latent heats of vaporization 
and the approximate difference in internal ener- 
gies have been calculated from the vapor pressures 
of the normal and the 20.4° K equilibrium mix- 
tures of.ortho- and paradeuterium measured by 
Brickwedde, Scott, and Taylor [149]. PVT data 
for deuterium as determined by Schiifer were also 
used in the calculation. As there are data for 
only two compositions, giving only one difference 
of composition, it is not possible either to correct 
for fractionation or to test for deviation from 
Raoult’s Law. It seems improbable that the law 
holds for deuterium, as it does not hold for hy- 
drogen. The indicated differences in latent heats 
of vaporization are smaller than for hydrogen. 
j= | 0.3 cal mole for the liquid 
and 1.0 cal mole”! for the solid. 
are obtained for the differences in internal ener- 
gies, Baw ~Fvorm. Cohen and Urey [166] on the 
basis of their theoretical calculations, concluded 


The same values 


that differences in binding energy between cor- 
responding forms should be half as great for D, 
as for Hy. 
the data for D, are comparable with the magni- 


Considering that the uncertainties in 


tudes themselves, the data can not be said to 
conflict with the theoretical preduction. 


(e) Hydrogen Deuteride 


Brickwedde and Scott [146] measured the heat 
of vaporization of hydrogen deuteride, obtaining 


the value 257 cal mole! at 22.54° K. 
3. Latent Heats of Fusion 


The latent heats of fusion of hydrogen, para- 
hydrogen, normal deuterium, and hydrogen deute- 
ride were measured by Simon and Lange {171}, 
Clusius and Hiller [172], Clusius and Bartholomé 
[174], and by Brickwedde and Scott [150], respec- 
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tively, and are listed in table 38 with correspond- 
ing vapor pressures and temperatures, 


X. The Temperature-Entropy Diagram 
1. Data 


Data of several different types were used in 
determining the diagram. 


For the vapor, and for the gas below a density of 


temperature-entropy 


500 Amagats, values of the various quantities 
were obtained by interpolation from tables 14, 22, 
and 23. The particular difficulties encountered in 


treating the liquid region will be evident from the 


oy 
P 


—— BASED ON DATA NOT CONSISTENT 
wiTh T-S OlAGRAM 


—— FINAL POSITION ON T-S DIAGRAM 


6 >SATURATION CURVE 
a 


« 


AL GM"K" 
Discrepancies in the thermal data for Hy in 
the region of the liquid. 

following discussion. Discrepancies between the 
various data for the liquid are shown in figure 30. 
Between the triple point and the boiling point, 
the entropy of liquid normal hydrogen at satura- 
tion pressure was obtained using calorimetric 
data for the solid and liquid and adding a theoret- 
ical value for the entropy of mixing. The result 
is shown as line # in figure 30. The entropy of the 
liquid was also calculated using the theoretical 
entropy of the ideal gas, correcting to the state of 
saturated vapor and subtracting the latent heat 
of vaporization, The latent heat of vaporization 
was determined in two ways—by direct calori- 
metric measurement and by using vapor pressures 
and other data with the Clapevron equation. 
Line A is based on calorimetric latent heats and 
line (on latent heats from vapor pressures. At 


20° K, line B indicates values 0.03 cal deg™! g™ 


greater than line A and 0.08 cal deg 'g”! greater 


than line C. 
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Lines of constant density could be ob 
the compressed liquid by integrating ( 
ning at line B. Values of C, from figu: 
used. The results indicate that thes 
density lines are approximately parallel ; 
temperature for densities less than 500 
Data of table 14 indicate that there is 
parallelism for higher densities near t! 
temperature. 

Values of entropy of the liquid for various pros. 
sures along the 17.34° K and 19.28° K_ isotherms 
were obtained by integration of the equation 

(dS/dP), (dV/dT)>p. 


for (dV dT)», 


smoothed values of volume for the liquid as ¢ 


The values used were based 
in table 32 for the temperatures 16.43° K, | 
and 20.33° K. The constant of intevrat 
chosen to fit line B. 
constant pressure lines, of which the segn 


From the results 


typical, was obtained for various pressures 
addition, a point that should have been on the s 
Amagat density line was obtained by interpola: 
and a line ) was drawn through it and throw 
the 860 Amagat density point on line B as di 
The line marked 1)” repres 
the final correlation. 

An unsatisfactory set of values of entropy 


I 


pressure lines 


mined by eq S.1. 


the liquid along constant 
obtained by integrating the (, data of Guts 
figure 27. Curves - are the results for 


atm, while the final correlation gave curves 
2. Final Correlation 


In the final correlation, the saturatior 
was accepted and the isochores were cor 
parallel. The isochores at high det 
given by integration of (,/7, beginning o 
The isochores at intermediate densit 
obtained by interpolation between vali 
density and values below 500 Anu 
interpolation was made along the 35° h 
entropy-density plot exte: 
340 Amagats. 


Phe extension of curve B to temperat 


from an 
p—S60 Amagats to p 


than were given by calorimetric data fo 
was made from the lower parts of th 
isochores and the temperature-dens 
for the liquid at saturation pressur¢ 
8.1. 
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stant pressure lines were determined 
m the vapor-pressure equation and the 
(dS dV)r (dP/dT) y. (10. 2) 
r temperatures the lines were in fair 
with Bartholome’s PVT data, which 
locate them more closely. 
s of constant enthalpy were determined 
rrals of TdS under the constant pressure 
were checked by integration along the 
based on the equation 
11dT T(dS/dT)y+ VidS/dV)r. (10.3) 
tion of the curves within the dome is 
traightforward, as the fractionation of the 
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ortho-para mixture is too small to affect these 
curves significantly. 

The resulting temperature-entropy diagram for 
normal hydrogen is presented in composite form 
The thermal units used 
are based on the calorie, the Kelvin degree, and 


in figures 31, 32, and 33. 


the gram, with pressures in atmospheres and den- 
sities in Amagat units. 

The diagram shows lines of constant enthalpy, 
pressure and density and, in the region of coex- 
istance of liquid and vapor, lines of constant 
“quality.””. The painstaking construction of the 
curves pertaining to the liquid region, amounting 
to a correlation of the data for the liquid, has been 
made by Robert N. Schwartz, who has also drawn 
the remainder of the diagram on the basis of the 
tables of this paper. 
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Chemical Durability, Specular Gloss, and Transmittance 
of Optical Glasses 


By Donald Hubbard and Gerald F. Rynders 


The chemical durability of three types of optical glass 


BSC 517, BaC 572, and F 620) 


and chemical Pyrex have been studied over an extended pH range by means of an inter- 


ferometer pre wedure 


the transmittance of the specimens has also been determined 


confusion that might arise from choosing any of the above three properties as an indicator 


for the serviceability of optical glasses. 


The accompanying effect on the appearance (gloss retained) and on 


The results illustrate the 


Below pH 6, in the range of maximum durability 


for the optical glasses, differential solution of the alkali and heavy metal oxides brings about 


the formation of silica-rich, reflection-reducing films, which decrease specular gloss of the 


surface and improve the transmittance of the specimens. 


I. Introduction 


\s early as 1892 it was observed that old, tar- 
shed photographic lenses sometimes gave more 
\isfactory performance than new lenses of the 
ame aperture [1]... Efforts to determine the rea- 
ns, for the purpose of improving the efficiency 


‘ 


‘ 


f optical systems, have resulted in the familiar 
dern lenses with reflection-reducing surfaces 
Although 
most effective nonreflecting surfaces are ob- 
wed by deposition of films of chosen index of 


d inereased transmittance [1 to 6]. 


iraetion “ and controlled thickness,’ [5 to 8], less 
lective but useful films can be produced by 

ching the silicate glasses with numerous aqueous 
solutions 13, 9, 10}. 


‘formation of these reflection-reducing films has 


In the latter cases the rate 


eu considered to be an indicator of the chemical 
irability of the glass [10, 11]. As the three prop- 
tes of glass, durability, nonreflecting films, and 
rreased transmittance, seem to be so intimately 
ssochited they have been compared in the present 
vestigation over an extended pH range for three 
pes of optical glasses and chemical Pyrex. 


kets indicate the literature references at the end of this 
lex of refraction is equal to the square root of the refrae- 


© glass 


thickness is approximately one-fourth the wavelength of 


Tests of Optical Glass 





II. Materials and Procedure 


The three optical glasses chosen for comparison 
with chemical Pyrex were a borosilicate crown 
(BSC 517), a barium crown (BaC 572), and a flint 
(Ff 620). The compositions of these glasses are 


given in table 1. 


TABLE | Composition (weight percent) of the glasse s tested 
Oviede BSC 517! BaC 572! F 6291 Chemical 
Pyrex ? 
sO id 19.7 15.6 sro 
no 12.4 , mo 
Nad 4 o4 6 tH 
Ke 11.8 7.7 5.2 0.2 
Bad ws 
Pho 1 
Zno rl ee 7.2 
Ao F, 0.2 O45 oo 
She? ‘ 
Ro 29 
Caleulated from batch composition. 
? Analysis by Francis W. Glaze. 


The attack experiments were made by the 
interferometer method [12 to 15] because it offered 


a rapid and convenient means of studying the 
relative rates of solution of the glasses over a wide 


‘ Terminology recommended by the American Ceramic Society committee 


on glass nomenclature and standard definitions 
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pH range. Although the interferometer procedure 
is not highly accurate or precise, it is perhaps the 
only available method for measuring chemical 
durability that is equally fair to all types of glasses, 
regardless of their composition [16, 17]. Further- 
more, as half of each specimen (Pulfrich slab) 
remains unexposed to the attacking solution, one 
is able to measure the desired three properties on 
a single specimen, namely, the chemical durability, 
the gloss retained, and the change in light trans- 
mittance. Of these three properties, the measure- 
ment of attack involves the greatest uncertain- 
ties; however, for the largest attacks encountered 
the interferometer procedure is considered to be 
sensitive to approximately one-quarter of a 
fringe. 

Rectangular specimens (Pulfrich slabs 19 by 30 
by 5mm, pitch polished on one face and optically 
flat to within one-half fringe) were partially im- 
mersed in the desired buffer solutions, the surfaces 
of which were covered with a thin layer of liquid 
petrolatum to prevent evaporation during the 
Specimens of each glass were 
-0.2°C to Britton-Robin- 
son universal buffer solutions [18] covering a 
pH range from 1.8 to 11.9. 
extended to pH 0.65 by means of a sodium acetate- 
hydrochloric acid buffer. 
simultaneously. 

The extent of the attack was determined by 


period of the test. 
exposed for 6 hr at 8O 


This range was 


All exposures were made 


observing the displacement of the interference 
fringes when the exposed specimens were placed 
under a fused-silica flat. Observations were made 
with a Pulfrich viewing apparatus by using un- 
filtered helium light for illumination. 

The change in appearance of the glasses caused 
by the various treatments was evaluated by 
observing the percentage of specular gloss retained 
by the exposed area for 45° 
pared with the unexposed portion of the specimen. 


incident beam com- 


The measurements were made by means of the 
Hunter Gloss Meter [19 to 21], by using an adapt- 
ing shield for supporting the small specimens. 

The transmittance of the treated and untreated 
areas was determined after the specimens had 
been reground on the unpolished surface with 
superfine emery to insure that this area was uni- 
form and contributed no uncertainty to the 
Thus the change in transmit- 
tance resulting from attack is attributable to 


measurements. 
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one surface’ To obtain intormation « 


ernihg 
the effect on appearance of the surface broygh; 
about by increased attack in the alkaline pany, 
the three optical glasses were exposed 5 pet 


cent of NaOH. solution at 80°C) for differen 


periods of time, ranging from 15 min to 


III. Data and Discussion 


The data plotted in figure 1 from table 2 show 
the curves for attack, gloss retained, and chang 
in transmittance obtained for a borosilicear 
optical glass, BSC 517, after 6 hr of exposure a 
80°C over the range pH 0.65 to pH 11.9.) This 
glass showed detectable attack in the acid rang 
with an appreciable increase between pl] 5 an 
pH 9, followed by a more pronounced increas: 
attack for increasing alkalinity beyond pH 9 
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Figure 1. Comparison of the attach -pi 


accom panying effect on specular gloss oJ 
the change in transmittance for BSC 5! 
afte r 6-hr exposure al soe C. 


is |} 


5 Transmittance measurements were made by Richard 
of the Photometry and Colorimetry Section of the N 
Standards, 
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| value does the chemical durability of 


TABLE 2, 


Value 8 for chem ical durability, gloss retaine d, and 


change in transmittance of three optical glasses and Pyrea 


after er posure for 6 hr at SO 


(to buffers in the range pil 


»search 


vas, this optical glass compare favorably with that for 
since Pyrex, an acceptable laboratory glassware (fig. 2). 

5 het ; is interesting to note that Pyrex demonstrated 
different ‘tle or no change in appearance (gloss retained) 
\ ts or transmittance for the entire pH range except 
for the high alkalinities above pH 11, where the 

attack became increasingly vigorous. In con- 

trast to the behavior of Pyrex, optical glass BSC 

2 show HH 517 showed a large decrease in gloss in the pH 
I change  pecion of optimum durability of the glass, with 
osilicat only a slight change in specular gloss for the 
osure al BP ocion of more pronounced attack. However, 
This the transmittance of the specimens showed an 
id rang appreciable improvement in the pH = range of 
[5 and BF maximum durability and a decrease in the pH 
reas range of inereasing attack. Essentially these 
pH 9 sume features are shown in a somewhat exag- 


verated and confused fashion by the data obtained 
the other optical glasses, BaC 572 and F 620 
rs. 3 and 4). 
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P4 Comparison of the attack-pH curve 


eC n transmittance for chemical Pyrex glass after 
eat 80° C 
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0.65 to pH 11.9 





Change 
Glass pH Attack = cane eee-- ype 
tained mit- 
tance 
Per- 
Fringes cent Percent 
0.65 a0 85.1 +0.4 Good, green to 
purple 
1.8 Detectable S28 +.6 Good, green 
3.3 do 80.7 +.8 Good, purpk 
5.0 do 79.7 +1.4 Good, purple, dull 
, 6.0 o+ 38 Good, no color 
BSC 517 » te 
‘0 ty 97.4 1.5 Do 
7.9 i+ G85 1.6 Do 
8.9 i Ys. 2 00 Do 
+ |) ; OS. 6 7 Do 
11.2 1! O80 t Do 
lg 134 o7.4 2.2 Do 
} 0.6. i 80.2 Pitted Pitted, dull 
“wey 
| 1.8 lio 4 +1.0 Good, purple 
| 3.3. Detectable 92.9 $1.3 Good, greenish 
purple 
5.0 ' 88. 2 +1.1 Good, green 
BaC 572 6.0 ; 86.6 0.2 Good, purpl 
| 7.0 2144 94.1 $ Good, nocolor, dull 
7.9 (+ 87.4 - Do 
| 8.9 + 06.5 0.2 Do 
| 9.9 ; o7.4 0 Do 
l11.2 i4 os. 1 2 Do 
11.9 I'y 05.9 Lo Do 
0.65 Not detecta ay 1.7 Good, no color 
ible 
| LS Detectable SS 1.1 Good, dull 
3 do SS. 4 +0.5 Good, slightly dull 
5.0 do 74.6 +2.2 Good, grey purpl 
60 o+ 83.5 +2.2 Good, dull purple 
MIF 620 ; 7.0 Lo+ 83.0 0.5 Good, dull (slight 
7.9 + xO. 1 5.8 Good, dull 
x9 1 OLS 8 Good, no color 
|; 9.9 e+ 96.7 2.7 Do 
11.2 1 . Surface “so Do 
} cut 1 
11.9 1 as 6 Do 
0.65 Not detecta- we4 Good, no color 
ble 
1.8 do 10 +1 Deo 
3 do loo } Do 
5.0 do 100 l Do 
6.0 do 100 1 De 
re 7.0 do 100.3 Broke Do 
7.9 do 100 oo Do 
8.9 Detectable 1) 0 Do 
a9 4 eo 4 Do 
1.2 1 99.2 s Do 
11.9 1! 98.3 6 Do 





The gloss-pH curve for BSC 517 indicates that 
gloss might well be used under certain conditions 
as a sensitive indicator of the pH at which chemical 
changes take place between the glass and the buffer 
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Figur attack-pH 

accompanying effect or p lar gloss of the surface and 

the change int an mittance for BaC 572 optical glass afte 

Hi-hr exposure at SU> ¢ 
solutions. For example, in figure 1, gloss is a 
more sensitive indicator of change in reaction near 
pH 5 than either the interferometric or transmit- 
tance curves. However, in the high-alkaline range 
beyond pH 9 the gloss gives no indication of the 
vigorous attack upon the glass that is demonstra- 
ted by the interferometer. 

This fact is further emphasized by the data for 
attack and gloss retained for specimens of the 
three optical glasses after exposure to 5-percent 
NaOH. solution at 80° C 


time (table 3 and fig. 5 


for various periods of 
The attack, although 
vigorous, did not seriously affect the appearance 
of the polished surfaces except in the case of the 
The attack- 


time curve for all of the glasses appears to be 


F 620 after 3- and 4-hr exposures. 


linear. 

All of these results can be partially rationalized. 
In general, the durability of the three optical 
glasses is best in the acid range below pH 5. In 


such solutions there is a preferential dissolving of 
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TasBLe 3 Values for chemical durability and 


for three typical opl cal glasse 8 aller expos 
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NaOH at SU- C for various periods ol time 








& 
pH 
Figure 4 


accompanying effect on the 


Comparison of the attack-pH 
8 pet ula alo 
and the change in transmittance fo l 


afters G-hr ¢ rposure at Su>- CC, 
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attack-time curves and the 


yung change hs per ilai gloss of the surfaces jor 


ul opt cal glasses ¢ rposed to 5 perce nt of NaOH 


and other metal ions, leaving behind a 
a-rich surface layer of index of refraction con- 
rably lower than the index of the base glass. 
s¢ siliea-rich lavers are of uncontrolled thick- 

s and furnish reflection-reducing films that 
the specular gloss of the surface and im- 
transmittance. However, these films 

of the correct index of refraction, fim 
or are they adjusted to the optimum 
tam=1/4 X, for the 
nt of transmittance or reduction of sur- 
ction [6, 7, 8] 


maximum == im- 


In the alkaline range the 

is dissolved, thus preventing the forma- 
eflection-reducing film with the attendant 
Within this range 
a-rich layers are no longer formed, inter- 


ent in transmittance. 


Jors do not appear (last column of table 
uusly, the amount of stain developed by 
sample of glass cannot be used as a 
asure of the amount of attack [22]. 
iseful and interesting information can 
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be obtained from these stains if the specimens 
have been exposed to a solution in which certain 
constituents of the glass [23 to 26] are preferen- 
tially dissolved. 

The attack on these optical glasses by the buffer 
solutions for the range pH 5 to pH 8 is accom- 
panied by a reduction in transmittance. The 
more pronounced attack in the alkaline solutions 
above pH 9 does not seriously affect the percent- 
age of transmittance of glasses BSC 517 and 
BaC 572 until the highest pH is reached. 

From this set of comparisons it is easy to under- 
stand how so much confusion might arise in choos- 
ing an adequate serviceability test for optical 
glasses. However, the data are interesting in 
that they show at a glance the best pH region for 
leaching to produce reflection-reducing surfaces 
and increased transmittance, with the accompany- 
ing improved performance of optical elements. 
The data on gloss retained and the general tar- 
nished appearance of the surface after exposure in 
acid solutions could easily be used superficially 
and wrongly to condemn the optical glasses. It 
is evident that this test alone does not differenti- 
ate a desirable reflection-reducing film from a 
pitted, etched, or otherwise damaged surface. 
The transmittance data are necessary to establish 
this distinction. 


IV. Conclusions 


The specimens used in the interferometer pro- 
cedure for determining the chemical durability 
of glass lend themselves readily to a quantitative 
evaluation of the change in appearance (gloss 
retained) and the transmittance of the 


glass 
brought about by controlled exposures to solu- 
tions. The results obtained present an over-all 
picture of some desirable as well as undesirable 
characteristics of the optical glasses studied. 
The data reemphasized the difficulty of using any 
one of the three properties, chemical durability, 
gloss retained, or change in transmittance after 
exposure, alone as an indicator of serviceability. 
In fact, in the absence of additional information, 
such as long-time atmospheric-exposure test. or 
is doubtful that 


these three properties either singly or combined 


hvgroscopicity of the glass, it 


are a reliable indicator of the ability of optical 
glasses to maintain clear polished surfaces in 


service, 
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Bending Tests of Large Welded-Steel Box Girders at 
Different Temperatures 
By Ambrose H. Stang and Bernard S. Jaffe 


Tests were made to determine the effect of constraint caused by geometrical shape and 
by differences in temperature on the ductile behavior of welded structures. Four large box 
girders of identical design were fabricated from fully killed steel from the same heat. The 
box girders were tested as simply supported beams, one girder being tested at each of the 
following temperatures: — 40°, 0°, 40°, and SO° PF. The girders tested at 10° and O° I 
broke with a square type of fracture. The other two girders could not be broken with the 
ivailable equipment, although deflections at midspan of more than 16 inches were induced 


on a 22-foot span. The results of these tests are discussed and compared. 


I. Introduction welding and any possible incipient cracks prior 
to testing. 

One girder was tested at each of the tempera- 
tures —40°, 0°, 40°, and 80° F. The girders 
tested at —40° F and at 0° F broke with a square 
type of fracture. It was impossible to break the 


Nhe failure of several welded-steel ships during 
early part of World War IL indicated that 
oblems needed to be solved to place the design 
welded structures on a sound basis. One of 


x problems was the effeet of constraint caused : . 
other two girders with the available equipment, 


y geometrical shape and by differences in tem- : ; 
, although deflections at midspan of more than 16 


iture on duetile behavior. This constraint is ! , : 
aes in. were induced during the tests on a 22-ft span. 
eved to result in multidirectional stresses that 
‘locked-up” in the structure and not caused : 
vetly by applied loads. To study this prob- Il. Box Girders 
the Structural Steel Research Committee of l. Design 
Welding Research Council outlined the tests 
ported in this paper. The details of the box girders are shown in 
The box-girder type of specimen was chosen, figure 1. Each girder consisted of a bottom plate, 
rause it simulates to a large extent the geometry A, 1's in. thiek; of two side plates, BI and B2, 
shape that was suspected of having caused each 1's in. thick; of a top plate, C, 2's in. thick; 
ouble in ships and other welded structures. and of nine diaphragms, D, 1's in. thick. The 
tour box girders of identical design and all from bottom plate, A, was made up of four separate 
« heat at the steel mill were fabricated by the plates—-Al, A2, AS, and A4—with three trans- 


ligalls Shipbuilding Corporation, Pascagoula, verse welds. The diaphragms, D, had snipes, 2!, 
\ 


\liss., and tested as beams, simply supported, in in. on a side, at each of the top corners, and 
laboratory of the Engineering Mechanics smaller ones at the two bottom corners, as well as 
~etion, National Bureau of Standards. The a central hole 6 in. in diameter. Backing-up bars, 
a plain low-carbon open-hearth steel E and F, were used as indicated in figure 1. 

‘STM A 7) fully killed and had good notch- The center of gravity of the cross section of the 
loughness properties at relatively low tempera- box girder was approximately 10 in. below the 
| The same sequence of welding was used top of the girder. The moment of inertia of the 
each of the girders. Great care was taken to section about the neutral surface was about 14,500 


‘imimate defeets of workmanship during the in.* 
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2. Fabrication 


The sequence of assembling and welding of the 
parts of the girder was the same for each of the 
girders and was as follows: 

Plates Al, A2, AS, A4, BI, 


assembled, fitted, and tack-welded securely by 


B2, and D were 


welding one pass on the diaphragm plates, D, to 
the A and B plates. The outside welds of the 
two longitudinal butt joints joining the A to the 
B plates were made; the center diaphragm was 
welded and welding of the other diaphragms pro- 
eressed to the ends. The back-up bars, E, were 
installed on top of the A plates for the later trans- 
verse welds between the Al and A2 plates and 
between the AS and A4 plates. The inside welds 
of the two longitudinal butt joints between the 
A and B plates were completed, and the snipes at 
the bottom of the diaphragms were welded. The 
back-up bars, F, were installed for the longitudi- 
nal butt joints between the B and C plates, and 
the strain gages were installed on the inside of the 
girder. The C plate was fitted to the B plates, 
and the longitudinal butt joints between them 
were made. The transverse butt joints between 
the Al and A2, the AS and A4, and the A2 and 
AS plates were made, in that order, to complete 
The tops of the diaphragms, 1D, 
plate 


the fabrication. 
were not welded to the bottom of the C 
but formed a smooth bearing surface for plate C 

If cracks in the weld metal were revealed at any 
time by magnafluxing, the metal around the crack 
was chipped out and rewelded before the subse- 
quent welding pass was made, 

The welding sequence, as described above, was 
designed to set up large shrinkage stresses and 


produce high values of locked-up stresses. 


III. Coupons 


Extra lengths of the steel plates, A, B1, and B2, 
were furnished with each girder. Chemical anal- 
ysis of this material showed percentage contents 
as follows: Carbon, 0.22; manganese, 0.56; phos 
phorus, 0.015; and sulfur, 0.026. 

From each of these lengths two tensile coupons, 
in the direction of rolling, were machined, six for 
each girder. The coupons were 12 in. long, 1!, in. 
in diameter in a reduced section 9 in. long, and 
were threaded at both ends to fit the adaptors 
of the pulling rods 

The tensile 


tests were made in a_ horizontal 
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Amsler testing machine, 100-kip capa: at th 
same temperature as that at which the co spor 
ing box girder was tested. For thos IDO 
tested at temperatures below 80° F, thy nper 


ture was maintained by carbon dioxid 

surrounding the speein Fo 
-40° F and of 0° F, th npera- 

ture was measured by means of two copper-eo) 


insulated box 
temperatures of 


stantan thermocouples attached one to each oy, 
of the reduced section of the specimen \ me 
cury thermometer was used for measuring {| 


temperature for tests at 40° and at 80° | 
The average results of the coupon tests are eiy 
in table 1. 


TABLE 1 lrerage results of tensile test 
Coupon length parallel to direction of rolling. Each valu 
the 6 coupons tested at the same temperat 
. Propor 
rem Pe onal I 
pera Young son limit Yield rer - 
tere modulus ra io offset trength strength ‘ 
setae 10 
I Kip A A Ki / 
") 20. 300 ( os 9 Hs 
0 w.O10 2st) 25.8 2s ( 
Ww 1. SO 2u 22. 4 1.4 ‘ 
sO 2s, SSO) 2 21 wt) ‘ 
® Yield point by drop-of-beam meth 


Yield strength, 0.002-offset method 


The axial strains and the transverse strains 
each determined by means of two SR 4 bon 
resistance wire strain gages (A5 or AS 
at midlength of the specimen. Young’s mo 
of elasticity and Poisson’s ratio in the elas 
range, and axial strain-stress and axial stra 
Poisson's ratio data for plastic strains we 
puted from these data. The remaind 
results given in table 1 were computed i 
ventional manner. 

The values in table 1 show that the prop: 
limit and vield-strength values decreas 
temperature increased. The other valuv 
uppear to be influenced by the temper: 

Figure 2 shows the average vaiues for 
strain and Poisson's ratio-axial-stram 
The latter values did not appear to var\ 
ently with temperature. In the stress 
gram, the stresses at the knee of the 
creased as the temperature increased, 
later ascending portions of the curves 
perature effects appear to be negligibl 
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[V. Tests of Box Girders 


1. General 


x girder was tested as a simple beam, 
on cylindrical bearings on a horizontal 
span of 22 ft, and loaded by two equal loads, 5 ft 
apart and each 8 ft 6 in. (102 in.) from the nearer 
support. Figure 3 shows the box girder in the 
rsting machine for the test at 80° F, 

For tests at temperatures lower than 80° F, the 


Each 


support 


ior was enclosed in an insulated box and cooled 
To obtain and maintain 


vir 
with carbon dioxide ice. 
she low temperature, some of the ice was piled on 
wp of the girder and some placed in the ends of 
the girder through the holes at the middle of the 
ad diaphragms. Cooling was hastened and regu- 
jvted by foreed eireulation through a closed circuit 
oysisting of a blower, pipe to the girder, the girder 
wda return pipe to the blower as shown in figure 4. 
Ie temperatures were measured by means of six 
opper-constan tan thermocouples hear midspan. 
lhree thermocouples were on top of plate C and 
three on the bottom of plate A3. 


2. Strain Gages 


Ihe strains at various locations between the 
es of load application were measured with 
The 


lations of the strain gages are shown in figure 5. 


) 


SR 4 bonded-resistance wire-strain gages. 


The 
cages at other locations were rosette gages, AR-1 
' > +) 
or AR-2 


for all gages 


plates B were single gages, Al or A3. 
The nominal gage length was 13/16 in. 
= 


—40° F, the strains 
vere measured with seanning switches and re- 
corders shown in figure 4 to the left of the girder. 


Portable strain indicators were used during the 


For the girder tested at 


Olher tests 


3. Deflections 


The deflection of the girder at midspan was 
liewsured by the taut-wire mirror-scale method. 
Deflection readings were generally taken as soon as 
‘he load was attained and also at the same load, 
“hen the strain readings for that load had been 
completed 


4. Method of Test 


The girders were loaded in a number of steps, 
srudually inereasing the load each time but 
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say 
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relaxing the load completely between increments 
of loading. Strains were measured at the various 
loads and at the zero loads after the load had been 
removed. For the girder tested at 40° F the load 
was held for a period at 1,200 kips, during which 
several sets of strain readings were taken, the last 
set of readings being started 2 hr and 40 min 
after the 1,200-kip load had been reached. A set 
of readings, when the portable strain indicators 
were being used, took from 15 to 20 min. 

Loading was continued until either the girder 
was broken or until the middle of the girder was 
nearly in contact with the supporting girder. 


5. Load-Bending Moment Relation 


From the condition of the tests, the bending 
moment between the points of load application 
where the strain gages were located was equal to 
51 P-kip-in. if the total load, P, is in kips. 


V. Results and Discussion 
1. Average Axial Strains 


As was to be expected from the general agree- 
ment of the stress-strain curves for the coupons 
at different 
tions for the girders were not much affected by 
differences in’ temperature. Consequently, in 
this report it has seemed adequate to treat mainly 


temperatures, the load-strain  rela- 


the load-strain relations at a single temperature, 
namely 40° F. 
tested at that temperature are similar to those 


The variations for the girder 


for the other girders tested at other temperatures. 

The average strains at a given load for the 
gages at equal distances from the top of the girder 
were averaged and have been plotted—for the 
girder tested at 40° F—in figures 6 to 17. In 
these figures, the inclined dotted line terminated 
by a horizontal bar represents the load-strain 
relation as computed by the ordinary beam theory 
for the location of the gages under consideration 
and using the average value for Young’s modulus 
for the coupons, as given in table 1 for this girder, 
The load at the end of this line corresponds to 
the average proportional limit stress from table 1. 

Tensile strains are plotted to the right. Com- 
pressive strains are plotted to the left and indi- 
cated as negative. The observed average strains 
due to the load are shown as open circles. The 
sets, remaining after the load was removed, are 
shown as solid circles. 
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In general, it may be noted in these figures that 
the load-axial strain curves practically coincide 
with the theoretical lines for loads in the lower 
elastic range. The observed strains at the pro- 
portional limit values were generally larger than 
the computed values. The set values for the 
greater loads are generally a very large fraction 
of the corresponding strain-under-load values. 

The load-strain curves for gages on the bottom 
of plate A, figures 12 to 15, are of especial interest. 
For the gages not on a weld, figures 12 and 13, the 
strain was much less in the plastic range for the 
gages that were opposite a diaphragm, figure 12, 
than for those not opposite a diaphragm, figure 13. 
These strains in the bottom of plate A not on a 
weld were, in the plastic range, much larger than 
for the gages that were on a weld, figures 14 and 
15. This same phenomenon may be observed dur- 
ing the tensile test of a steel coupon, which has a 
transverse weld at midlength. 
steel and of weld metal, the weld metal reduces in 
section very little, after the vielding of the plates 
commences, whereas there is a visible reduction in 
The per- 
manent sets for the gages on a weld were negative 
for loads up to more than 1,200 kips. The differ- 
ence between the load-strain and the load-set 


For some grades of 


section of the adjacent plate material. 


curves, at a given load, is, however, very nearly 
equal at each of these four locations. 

The load-axial strain data, obtained during these 
tests, throws some light on the question as to 
whether sections plane before loading remain plane 
after a load is applied. To answer this query, the 
average axial strains on plates B and C for all the 
girders have been plotted in figure 18, against the 
location of the gages on the girder. The solid line 
is for the 600-kip load (average for four girders). 
This line cuts the zero-strain line at the computed 
location of the neutral surface, and all the values 
are close to this one line. The dash lines have been 
drawn through the average values for the 1,200-kip 
load (average for three girders, since the girder 
tested at —40° F did not attain this load), and 
certainly no one line can be drawn through these 
values so that the strain values at different dis- 
tances from the top of the girder are close to it. 
It seems that for these box girders, with dia- 
phragms at various locations along their length, 
plane sections did not remain plane under loads in 
the plastic range. 

It was suggested that this apparent warping of 
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an initially vertical plane section was to t] 
timing under which the gage readings 
and that if the load—while in the plasi 


were applied for some time before thy 


taki 
range 
ading of 
the gages was started, the sections would | 
found still plane. The procedure had beep 
start taking the strain readings about 


as soon 

the load was reached. To study this effew 
during the testing of the girder at 40° F. sey 
sets of readings at a load of 1,200 kips were takey 
as has been stated. The average strain yaly 
from the readings, started as soon as the Jogd 
was reached, are plotted in figure 19 against 4) 
location on the girder as open circles. As 

figure 18, no one line would represent the da 
well. The strain values from the readings 
started 2 hr and 40 min after the 1,200-kip lo 
had been reached, are plotted as solid circles 

figure 19. They show the commonly obsery 
phenomenon of continued yielding in both tens 

and compression with a consequent still great 
It may be noted that the gages unde 
consideration were not located in the plane of 


warping. 
diaphragm (see fig. 5). 
2. Deflections at Midspan 


The load-deflection curves for the girders a 
shown in figure 20. The temperature apparent! 
had no significant influence on the deflectio: 
The arrow heads indicate the load and deflectio 
at the failure of the girders, which were tested a 
—40° and at 0° F. These failures were on th 
rising portion of the curve. The results indica! 
that the restraints induced by the welding of t! 
ductile plates were of such magnitude as to rest 
in rather brittle failure for temperatures as hig 
as 0° F. The temperature of 40° F was eviden' 
not low enough to induce failure. 

The break in the load-deflection curve, fgu 
20, for the girder tested at 80° F, at a deflect 
of 11.56 in. and a load of 1,530 kips was due | 
the fact that during the test of this girder," 
test was stopped at this ceflection whe! 
middle of the girder nearly came in contact “!! 
the supporting girder. During this first per! 
of the test, the supports for the girder wel 
shown in figure 3. Since fracture liad hel 04 
curred, the box girder was taken oul of U 
chine, the cylindrical supports were raised & 
6 in. by the blocks shown in figur 
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; again placed in the testing machine. 


girde! 


tod The second portion of the test was made 7 days 
re take after the first portion of the test. On reloading, 
range the load-defleetion curve between loads of 1,530 
eading of and 1.650 kips was not a smooth continuation of 
would by the load-defleetion curve obtained during the 
| yc tq first portion of the test but was much steeper. 
he Hen \fter the load of 1,650 kips had been attained, 
coef the deflection increased with little increase in 
I a load until the curve became practically a con- 
PCTC LAKE 


il 


. 


S 


r 
| 


till greatel 


i 


girders al 
apparent] 


deflectior 


‘inuation of that obtained during the first por- 
tion of the test. The moving of the girder and 
the time between the two portions of the test 


In valu 
the load 


raAinst the 


As fo evidently contributed to bringing about some 
él change in the load-deflection relation for this 
le dat , ° 
‘ider, which had already been subjected to 
readings ad . , 
\-kiy l plastic vielding. 
- » loa 
circles 3. Maximum Loads 
observ: 
th tensior Table 2 gives a summary of the maximum 


values obtained at the failure of the girders that 


ges unde broke during the tests at —40° and at O°F, as 
lane of @@ well as the maximum values reached during the 


other two tests when failure did not occur. 
The fractured surface of the girder tested at 
40° F isshown in figure 22. The fracture was 
partly in the weld between the plates Al and A2 
and partly in plate A2. The fracture at midspan 
of the girder tested at 0° F is shown in figure 23. 
This fracture took place in plate A2 and not in 


| deflectiog any portion of a transverse weld. 
“e tested @ Figure 21 shows the girder tested at 80° F with 
ere on U@ a deflection of more than 18 in. 
Its indicat 
ding of th Panie 2. Summary of flerural tests of box girders 
as to res il 
[ Temper- Maximum Maximum |} Modulus | Maximum 
res as hig tur ou moment * ofrupture * deflection 
s evident P . “a 
I Kips Kip-in. Kips/in2 in 
_ 4 » 1,165 59, 400 3.1 2.45 
urve, Maul b 1,476 75, 300 79.9 8.83 
a de flectiol +4 © 1,670 85, 200 9.4 16. 16 
, +s © 1,685 85, 900 91.2 18, 06 
was allt 
: i 
rirdel th 
e é \ ed from the load at failure or from the maximum load that 
when t 
ontact wit “ 
, that was reached No failure. 
ret portit 
wert 
vi not og 
if the 2 
sed alt 
nd tk 
nd 
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VI. Summary 


Bending tests were made on large welded-steel 
box girders at temperatures of —40°, 0°, 40°, and 
80°F. Tensile tests of the material at these tem- 
peratures showed that the steel was as ductile 
at the lowest as at the highest temperature. Due 
to the constraint induced in the girders by the 
welding, square types of fracture occurred in the 
girders tested at —40° and at 0° F but did not 
occur in the girders tested at 40° and at 80° F. 


VII. Appendix 


A fifth box girder, the material of which was a semi- 
killed steel instead of the fully killed steel used in the other 
four girders, was also tested at room temperature, about 
80° F. This box girder was the same size as the others 
and differed from the design shown in figure 1 only as 
follows: 

The two diaphragms D were omitted; the bottom A 
plate was made of three plates with two transverse welds. 
Figure 24 shows the details of the bottom view of this 
girder of semikilled steel. It failed with a square type of 
fracture after being tested in a manner similar to that for 
the other four girders. 

The load-deflection curve for the girder of semikilled 
steel is shown in figure 25 by open circles and solid line. 
The load-deflection curve for the girder of fully killed 
steel, which was tested at 0° F, is also shown in this figure, 
by solid circles and dash line. The results of the tests of 
these two girders are compared in table 3. 


TABLE 3. Results of flerural tests of two box girders 


Girder steel | Semikilled Fully killed 


Temperature of test F SO 0 


Maximum load kips 1, 397 1, 476 
Maximum moment in.-kips 71, 200 75, 300 
Modulus of rupture kips/in.? 75.6 79.9 
Maximum deflection in. 8. 00 8.83 
Energy to failure kip-in. 8, 350 10, 060 


These results show that the girder of fully killed steel 
tested at 0° F was superior in the load properties, as given 
in table 3, to the girder of semikilled steel, which was 
tested at 80° F. 


WasuincrTon, April 9, 1948. 
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Standards for Low Values of Direct Capacitance 
By Charles Moon and C. Matilda Sparks 


In the measurement of small capacitances, such as the interelectrode capacitance ot 


vacuum tubes, standards are needed for checking the calibration of the measuring equipment 


The design, construction, and measurement of a group of small primary and secondary stand- 


ards of capacitance for this purpose are described, the values of which range from 0.001 to 


5.0 mieromicrofarads 


Capacitators of 0.1 guf and above are of the Kelvin guard-ring type; 


those of 0.1 suf and smaller are of a new ‘“‘guard-well” type, which permits the construction 


of primary standards for values as low as desired. 


I. Introduction 


For several vears there has been a demand from 
lustrial and governmental laboratories for test- 
¢ and certifying small direct-capacitance stand- 
ds for use in checking the calibration of bridges, 
test sets, Which in turn are used to measure the 
terelectrode capacitance of electron tubes. The 
ect capacitance (coefficient of capacitance) is 
e ratio of the charge on the guarded electrode to 

potential of the high-voltage plate, when the 
eld is at the same potential as the guarded 
etrode. The values of the standards required 
nge from 0.001 to 100 wuf. 
this paper was undertaken to supply the need 


The work deseribed 


reapacitance standards of 5 yguf and below, as 

ver standards can be readily measured by estab- 

shed methods. 

The « apacitors described are of the three-termi- 
ivpe, consisting of a guarded electrode, a high- 
lage plate, and a shield. A number of small 

mary standards have been built, the values of 

ch can be computed from their linear dimen- 
Some of these are of the classical Kelvin 


ring type, whereas others are of a new 


values of these small capacitance standards 

Nn computed and measured by subdiv iding 

stepping down from larger standards. The 

ws of the larger capacitance standards were 

by a well-established method in terms of 
‘and time, 

parison of the results obtained by direct 


tion and by subdivision is given. 
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II. Conventional Kelvin Guard-Ring 
Standards of Capacitance 


The conventional Kelvin guard-ring construc- 
tion was chosen for standards in the range of 0.1 to 
5.0 wu. 

The design of the guard-ring capacitators con- 
structed for this work is shown by the sectional 
drawing in figure 1. This design makes possible 
very precise construction. The guarded clectrode, 
G, sometimes called the “island,” is held rigidly 
and accurately centered in the guard ring, GR, by 
means of a Pyrex-glass disk, )). The glass disk 
is held in the guard ring by a spring clamping 
ring, B, shown in detail in figure 1, which is tight- 




















+) 
Figure 1 Kelvin q sard-ring capacitor, 


, Pyrex glass disk; 7, locating pin: 7, spacers; G, guarded electrode or island 


GP, guard-ring; 1, locking screw; Ji, spring clamping ring 
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ened down to exert firm pressure on the glass disk. 
The head of a locking screw, A, engages a notch in 
the edge of the clamping ring so that the unit can 
be taken apart and reassembled with the same 
foree on the glass disk. After a preliminary as- 
sembly, the common surface of the guard ring and 
the island is ground and lapped optically flat. The 
construction is such that the island with the Pyrex 
disk can be removed for cleaning and for correcting 
constructional imperfections, such as the removal 
of slight burs. It can then be reassembled with 
the surface of the island and guard ring in prae- 
tically the same plane. 

The island and guard ring are of the same ma- 
terial (brass or dural); the insulation is Pyrex glass. 
The island and glass disk, ), are fitted together 
with a ground joint and afterward machined to- 


< 
The 


gether so that they are exactly concentric. 


TABLe 1. Dimensions and computed capacitance of Kelvin 


guard-ring capacitors 


Nom- Computed Diam 
inal capaci ter 
value tance Island 


Diame Width 
ter hole gap 


hs f cm cm cm cm 


1.0084 0. 60290 


a 


or 
0. 10134 1. OO5s Oo. 0o12 
1oo9 2. 3045 tyuy O06 tyul 
2. 4119 


6.0012 


Loo 2 3000 onl O00) 


oo 5. wll OOD cos 


recess in the guard ring for the glass disk is ma- 
chined so that when heated to 15 or 20 deg C above 
room temperature, it will just slip onto the glass 
disk. Then starting at about 40° C 
lapped in place with very fine emery and the lap- 


the glass is 


ping continued until a temperature of 4 or 5 deg 
above that of the room is reached. After washing 
away the abrasive, the glass disk fits in the brass 
ring at room temperature with practically no side 
shake. <A hole is drilled in the edge of the glass 
and in the guard ring for a small dowel or locating 
pin, ?, which is inserted after the assembly is made 
by a wringing motion. The high-voltage electrode 
is held at a fixed distance from the guard ring and 
island by three insulated screws that pass through 
three equal-length spacers of Pyrex-glass tubing, 
7, the ends of which are plane and parallel. 

Four capacitors of this type have been construc- 
ted. The principal dimensions and computed 
capacitances are given in table 1. 
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III. Sources of Error in Guard-Ring 
Capacitors 
The factors that must be considered jn guard. 
ring capacitors are 1. Errors in the mechanic 
dimensions ; 2. coplanarity of the guarded ol. trod: 
and the guard-ring; 3. eccentricity of the euarded 
electrode with respect to the guard-ring $. flat- 
ness of the electrodes; 5. parallelism of guarded 
effect 
of the width of the gap between the guarded elo. 
trode and the guard-ring; 7. sufficient 
guard-ring to avoid fringing. 


electrode and the high-voltage electrode: 
width ol 


The construction of the various parts of tly 
guard-ring standards is such that accurate meas 
urements of the parts can be readily made. Ty 
diameters of the guarded and guard electrodes wey 
measured by a universal measuring microscop 
reading to 1 uw. The other dimensions needed wer 
determined by comparison with Johansson gay 
by using a micrometer comparator that was sens 
tive to O.lu. Based on the dimensional measyyre- 
ments, experience with the guard-ring type capa: 
tors of 1.0 wuf and larger indicates that an accuracs 
in the computed capacitance of better than 0.1 yp 
attained. This 
measurement and the possibility of the inclusi 


cent can be includes errors 0 
of some foreign material between the parts in ma 
ing the assembly. 

Possibilities of error due to factors 2 to 5 list 
above, are largely eliminated by the precisior 
the construction, and in no case has a correctio 
been made for any of them. True coplanarity o/ 
island and guard-ring is the most difficult of th 
five to detect. An optical flat will show any 
tilting of the island with respect to the guard- 
ring but not necessarily an axial displacement 
with no tilting. The effect of displacing 
guarded electrode in regard to the surface of ¢ 
guard-ring is shown in figure 2. The chang: 
capacitance for small displacements is approxi- 


mately linear and from 1's to 2 times as larg 
would be found by treating the displacement : 
if it were merely an increase in thy 
between the plates. 

For the l-yuf capacitor, the chang: 
tance is 2.8 percent for a dispiacemen! 
Hence for l-u displacement, the erro: 
0.05 percent. One-micron displacemen' 
5-uuf unit would cause a change in « 
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(; aph showing measured change un capacitance 
ng capacitors then the quarded electrode is not 


th the quard-ring. 


Curve 2 Sin table 1 


ipacitor 2 in table 1 is for capacitor 


The difference in the level of 
island and guard-ring of a capacitor that was 


10.05 percent. 


vn apart and reassembled a large number of 

ies Was measured with an optical comparator. 
lhe displacement was found to be about 1 fringe, 
The insignificance of the difference in 

el was verified by relapping the surface. 

lv a few strokes were required to bring the 
0 surfaces to the same level. No measurable 


lerence in) capacitance was caused by the 
upping 

The capacitance in electrostatic units of the 
Kelvin vacuum has 


guard-ring capacitors in 


narily been computed by the simple formula. 
a 


Cc=K({,) (1) 


computations have also been made by using 
Chester 
which has an extra correction for the width 


following unpublished formula by 


-[a* xa f/a.—a 
C=K —- ( : 
4d 2 2 re 


whe re 


C= capacitance in egs electrostatic units 
adius of the guarded electrode or island 
radius of the hole in the guard ring 
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a= (a,;+a,)/2 
d=separation of electrodes 


K=dielectric constant of air. 


The correction for the width of the gap computed 
from eq 2, for the widest gap used, was only 1 
part in 100,000. 

If the capacitance of a capacitor in electro- 
magnetic taken as 1/(2.99776 10")? 
times capacitance in electrostatic units, and the 
dielectric constant of air as 1.000567 [1],' the simple 
formula (1), expressed in micromicrofarads, re- 


units is 


duces to 


rk 
3.59259d 


Cc (3) 
This formula has been used in computing the 
values in table 1. 

The width of the guard ring must either be wide 
enough to eliminate any measurable fringing, or 
some corrective device must be added, such as the 
system of guard hoops used by Brooks, Defandorf, 
and Silsbee |2] in the absolute electrometer, or a 
resistive shield of the type employed by Slone- 
zewski [3]. Some experimental tests with these 
devices were made on 1.0-uuf capacitor 2, which 
was fitted with spacers 4.040 cm long, whereby its 
nominal value was changed to 0.1 wuf. This spac- 
ing was so large that some voltage-dividing device 
was necessary. It was accordingly fitted in succes- 
sion with a system of guard hoops and a resistive 
shield. The guard-hoop system was made up of 
nine hoops spaced about 4 mm apart connected to- 
gether by 1,000-ohm resistors between the hoops 
and also between the end hoops and the capacitor 
electrodes. The capacitor with guard hoops is 
shown in figure 5. The resistive shield was a helix 
of 40 turns of advance wire, resistance 8,000 ohms, 
wound inside a paper tube. Difficulty was en- 
countered in getting the two ends of the helix to 
terminate exactly in the plane of the electrodes. 
Some interesting results of connecting these de- 
vices to a capacitor in different ways were obtained 
and are given in table 2. From these results it is 
evident that when a corrective device, such as a 
resistive shield or voltage-divider hoops, is used in 
a capacitor that has a large plate separation, the 
construction must be precise, because it then plays 
an important part in the capacitance. The lines 


Figures in brackets indicate the literature references at the end of this 


paper 
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system. 


Figure 3. Capacito fitted with guard-hoop 


of electrical force are ordinarily pictured as stream- 
ing in parallel lines normal to the two electrodes, 
and the hoop system as being simply a device for 
preventing the bulging of the lines at the edge of 
the plates. Experiments indicate that when the 
separation between the plates is very large the 
high-voltage plate plays a very small part in the 
capacitance. A shift in an axial direction of the 
hoop system of 0.5 mm caused a larger change in 
capacitance than a hole of a diameter equal to that 
of the island cut through the center of the high- 
voltage plate. Similar conclusions were reached 
in the experimental study of the absolute electrom- 
eter [2] As new designs for absolute capacitors 
in the range of O.luuf and below have been devel- 
oped, no attempt has been made to construct pre- 
cision Capacitors either with guard hoops or resis- 
tive shields The values eiven in table 2 are not 
to be taken as indicating the accuracy that could 
careful construction because 


be had by more 


neither of the devices was precision made. The 
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results given in table 2, with the voltag Vidi 
system connected to one electrode only 

method of testing, whether or not such a 
needed. If no change of capacitance is obser 
whatever the manner of connecting the e] 
corrective device is needed. To make this toc 
is not necessary to construct an elabor: 

as a single metal ring, as shown in the inse) 
figure 4, will suffice. The results, which are sol) 


explanatory, are shown in figure 4, 


CHANGE IN CAPACITANCE % 











1.0 15 20 2.5 3 
x/d 


Figure 4 Curves showing the change in cay 


hy fringing when a metal ring was in cont 
the quard-ring, curve B, or the high-voltad 
of a quard-ring capacitor I of table 1, 


Four rings of different diameters were used, d 


TABLE 2 Results 
two voltage-diriding device 


of tests unde ariou 
ised to overcon 


quard-ring ca pacito 


Computed capacitance issuming no fringing oo 


Measured capacitance (without voltage div 


Manner of connecting voltage dividing device 


Properly connects to both plate 
lo guard ring only 

lo high-voltage plate only 

Floatin insulated from both plate 


IV. New Designs of Primary Capacitor 
of Very Low Value 


Below 0.1 yuf, the classical guard-rin va 
is not so suitable, because either the « 
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Direct 








ies =] must be very small or the separation of 
mn > electrodes must be large. 

aa For acitance standards of 0.1 guf and smaller, 
res nyo nes apacitors, in which the guarded electrode 
my noffficat the bottom of a recess, or well, in the guard 
Pst trom have been developed? These are re- 
evic od to in the paper as the “guard-well” type 
~a rhis design permits the making of primary stand- 


as small as desired in capacitance and at the 
me time keeping the linear dimensions large 
ough to be constructed and measured accurately. 


Two forms of guard-well capacitors have been 


structed. One form is shown in figure 5 and 
eferred to in this paper as the “reetangular 
ye)~6 The other form, referred to as the ‘‘cir- 


lar type,” is shown in figure 6 (a fixed capaci- 


ce unit) and figure 7 (a continuously variable 
weitanee unit). 
— \s shown schematically in figure 5, the ree- 


ngular-type capacitor consists of a rectangular 
ded eleetrode or island, Fy, which is at the 
tiom of a slot of depth d and a high-voltage 
trode, 2, which is spaced a short distance, c¢, 
ove the top of the slot. One standard was built 
verify the formula developed by Chester Snow 
a guard-well capacitor of the rectangular type. 
construction and measurement of the dimen- 
us of this capacitor are more difficult than for 
circular ones shown in figure 6, for which he 
r developed a precise formula. The mounting 
the guarded electrode in the circular capacitor 
dentical with that of the guard-ring capacitor 
own in figure 1. Actually, by the addition of 
annular ring, /7, of thickness, d, with plane 
allel sides and a hole having a diameter slightly 
ver than the diameter of the island, the standard 
suard-ring eapacitor shown in figure 1 can be 
uverted to the new design shown in figure 6. 
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Fiaure 6 Neu ty pe of primary capacitor, 


his capacitor consists essentially of the parts of the guard-ring capacitor 


shown in figure 1 with the addition of the annular ring, 7/ 


The dimensions of a circular capacitor, fitted 
with three annular rings, /7, and giving nominal 
0.01, and 0.001 yuf 
along with the computed 


values of capacitance of 0.1, 
are given in table 3, 
and measured values. 
The depth, d, of each of the three rings was 
adjusted by trial until the measured capacitances 
were those given in the table. The measured 
values of capacitance of these three small units 
were Obtained by subdividing a value of 1 uyf, 
(The 
method of subdivision will be deseribed later. 
After the units had been adjusted experimentally 
to have the measured values given in the table, 


which had been previously established. 


under the heading of measured capacitance, their 
dimensions were used to compute their capaci- 
tances by the formula derived by Dr. Snow. A 
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Continuously 


The capacitor ha 


itance isa 


iit 
Dimension ‘ 
fandards 
Dimen 
il 
" ‘ 
om cm 
1. oS 200s 
1. 6S0 2008 
1. 680 2008 
1. a80 2s 


0, the capacitor becomes 





Za 







WABBBaaaaart’ 





ariable capacito of the qua 
vell ty pe. 
: range from 0.1 to 0.001 pyf 


iw | pul. 


(See table 3). 


yf ne 


circula 


of direct capacitance 


Capacitance 


type of 


prema 


Computed 


Measured 


cm wp! wu! 
1. 733 0. 09976 0. 1000 
s. B4a 009947 OogN7 
4. WIS, OOLO16 Oo1ol 
“) 3. 745 


d- 


measured and computed values 
good indication of the accuracy 


/ 


s conventional Kelvin guard-ring type 


A variable model of the circular capacitor has 
been made, in which the low-voltage electrode jx 
mounted on a micrometer screw, making thp 
depth d and therefore the capacitance, continy. 
ously variable. The range is from 0.1 to 0.99) 


uuf (see fig. 7). 

The computed variations of capacitance with 
dimensions of a capacitor of this form is illustrated 
by the curve in figure 8, from which it wil] }p 
seen that a capacitance as small as desired ay 
readily be obtained. 

The formulas for computing the capacitance o! 
both the linear and circular capacitors haye heey 
derived on the assumption that the gap betweey 
the island and the annular ring is infinitely sma! 
that the edges of the hole in the annular guard 
ring are not rounded, and that the guard ring and 
Measure- 
ments on an experimental model show that th 


high-voltage plate extend to infinity. 


gap between the island and the annular ring ea 
be as large as several thousandths of an ine 
which was anticipated because the electric fick 
is very weak in that vicinity, also that the hig! 
voltage plate need extend over the edge of the 
annular ring, or the edges of the bars in the 1 

tangular model, for a distance of only thre 

four times the length of the spacers used to separ- 
ate the high-voltage plate from the ring or bars 
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r | \ further increase in the size of the high-voltage For values of u less than 1, S(w) can be evaluated 
1 fas. ™ : : 
slate has no measureable effect and is undesirable by 


ode Is pie 


g thom because 


high-voltage electrode. The edges of the 
0.00) hole in the guard ring of the circular type and the 
joes of the bars in the rectangular type were 

toaradius estimated to be 0.02 mm with- 


it increases the capacitance to ground of 
S(w) = 1.20206 — 1.03693u? + 1.00835u4 
ntinu- the 
l 
— 


1.00201 u°+- 1.00049u5— ul? SY, _ 
n=} 7 (n*+ U*) 


with rounded 


trated|mout any measurable effect on the capacitance. As and 7'(u) by 
shis is e is required to remove incidental _ one aia , 
vill begggthis is more than Is required T(u) = 1.03693 —2.01670u? + 3.00602u* 
d canggburs, the rounding was carried no further. 
Snow's formulas for computing the capacitance oe l ~3u8 3 l 
nee offgol the new designs are: na n'(n?+ u*)? nat WY (n? + u*)* 
» haaoes For the rectangular type, the coefficient of ca- TI ind R 7 
. 7 . . . . ‘ “e , gf n+ . s » ) » f 
twoonfipacitance C’ (per unit length of slot), is given by le remainder, 5,1, 18 computed by 
smal | 1 ’ ° | , R =" P l 
(1+-e,) sinh ye, €n41 2 = 
ruard r('’ : ——; Y ” , Pre . 4nr(1- coth ya,4,) 
al y <7 a." sinh (B+y)a, 
—" (0.1544+-log (1+-22) ,, 1+27\ ) 
Usure- 2 +2 log ( 2 ) 4 
A re COS @ 0. ( Dy : ) 
at th - ‘ai? f :' — 
cli lhe coefficient C for the circular type is given by 
Ww Ca An l ‘ . 
where r,=7 ( Tz ): (Computations were made 
nel ("| SO (1+ e,) sinh ya, € = 
¢ held a yi a sinh (8+y)a; with n=4). = 
high- In the case of ¢,, the formula is the same except 
of thei hore a, is the s™ positive root of the Bessel fune- that the n™ root a, of Jo(@)=0 is replaced by 
 PCHhon J(a@) 0; @ is the radius of the cylindrical hole 
» ' ‘ v 
ree 0 the half-width of the slot); C and d have dimen- a, =(2n—1) 5» 
Sepa ons indicated seemed c/aand B=d/a; és 
bars and ¢)=0 except € (or €). the n™ root of cos a=0. 
mare moe le a) [3 P,-R, ‘| V. Auxiliary Tools 
Several auxiliary tools were found convenient 
| J ’ for use in measuring the small capacitors. Two 
|g 3 (= ) (™= ) r(= ) of these will be described. One was a low-range 
P 7 ™ ws] continuously variable capacitor by which small 
| a,(coth ya; +coth Ba) differences between units could be taken up. 
fork >I The other was a “decade” capacitor consisting of 
' small sections by which an accurate step-up from 
p l 0.1 to 1 wuf could be achieved. 
| Mu 
r (coth ya,+coth Bay) The design of this variable low-range capacitor is 
' an adaptation of that described by G. Zickner [4]. 
Vo (ves ag fy S ya, ' aie ; . re : 
) ( 7 )- ¥ 2 S( = ) A ( 7 ) t This capacitor, figure 9, consists of two active 
+t Qa; ay : ‘ 
electrodes shielded by a third electrode and sep- 
Where a, is the k™ positive root of the Bessel func- arated by a fixed plate or septum connected to 
tion J,(a) =0. the shield and in which a semicircular opening is 
, cut. The capacitance is varied by a rotatable 
U ’ | . > 
S(u) > n(n?-+ u2)’ plate also connected to the shield that covers 
n . : - 
part or all of the opening in the septum. The 
advantage of this type of unit is that the minimum 
- 1 direct capacitance is exactly zero, the scale is 
T'(u)=>> sone . ’ 
—S n(n?+u?)? linear, and the full-scale value can be made as 
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SECTION B-B TO FIXED 


ELECTRODES _ 


ROTATABLE 
ELECTROD 





SEPTUM 





SECTION A-A 


Continuously variable lo r-range 


Ficure 9% capacitor 


chematu 


small as desired by using a narrow annular slit 
in the septum in place of the semicircular opening 
used by Zickner 
pends upon the width of the slit and the spacing 
The construction of the 


The capacitance range de- 


of the fixed electrodes. 
Zickner-type capacitor started with the chassis 
and worm gearing of a variable capacitor. The 
group of stator plates was replaced by two ',-in.- 
thick full circular brass plates, which served as 


supports for the fixed electrodes, between which 


a thin brass plate, which fuctioned as a septum, 
was interposed. In this plate a 4-mm annular 
slit was cut with the axis of the rotor as its center. 
The slit extended over an are of about 150°. In 
place of the semicircular plates used by Zickner, 
the fixed electrodes were, in this case, semi- 
annular rings of brass about 1.5 em wide. A 
single semicircular plate on the rotating shaft, 
which slid in close contact with the septum, 
served to vary the area of the opening and hence 
the capacitance 

The 4-mm slit in the septum resulted in a 
variable capacitor having a range from 0 to 0.3 uf. 
One division on the seale is equivalent to 0.000170 


pul. 
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In addition, a second unit was built 
chassis having dimensions whereby 
capacitance from 0 to 5.8 wuf was obt 
change in capacitance per division of 
range Is 0.00292 wuf. 

A capacitance of 0.1 wuf was the sm: 
for which it seemed desirable to mak: 
of the guard-ring type and about 
practical for the guard-well type. A 
independent means of stepping up fron 
uuf seemed desirable. For this purpos 
capacitor was designed that is though 
It consist 


from any “switching” errors. 


units: two of 0.1 wuf, two of 0.2 pul 
0.4 uuf 


and connected to central coaxial termina! 


These are symmetrically arrange: 


shown in figure 10. 
Each unit of the decade, as shown by thy 
away part, consists of a pair of plates nsulat 

















Figure 10. Decade capa 


Vernier screw shown in upper electt 
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the housing and a pivoted shutter that is 
When this 


mpletely isolates one terminal from the 


ted to the housing. closed, 






hat the capacitance of the unit is strictly 





The groove for the shutter is shown in the 
On the 
i are shown two shutters, the one for the 0.1 





raway part, but the shutter is omitted. 






mit closed, and the other for the 0.4 yuf 





t op A rough adjustment of the capaci- 





of a unit of this type can be readily made 





v adjusting the distance between the plates and 





hen a very close adjustment by means of the 





erscrew in the center of one of the electrodes, 





tail of which is shown in the upper electrode. 






nits were thus adjusted to be equal or exact 





pultiples of each other within the limits of sensi- 





viiy of the bridge used for measuring their 


apacitance and have held this adjustment for 






ria \ ear 





VI. Bridges 






snot within the scope of this paper to discuss 





methods of measuring direct capacitance. 


all of the 


juate ly 





bridges used have either been 






described elsewhere or are commer- 






v available equipment, the discussion will be 





vely confined to factors that affect the accuracy 






{measurement and methods of using the bridges 





ithe measurement of the various capacitors. 






For intercomparing the standards of 5 wuf and 






wer, the instrument found most useful was a 






estern Electric Direct Capacitance Test Set 
lodel D- 160936. 





This set, shown schematically 








































Schematic sketch of Western Electric Direct 
Test Net Model D-160936 showing method of 


pacitors in paralle l. 











in figure 11, consists of an alternating-current 
bridge built into a cabinet complete with an oscil- 
lator and tuned detector working at a fixed fre- 
queney of 465 ke/see. The ratio arms AJ) and 
DC are of the inductive type, very closely coupled. 
Special conductance and capacitance units are pro- 
vided that are direct reading for capacitances from 
0.00005 to 110 wuf and for conductances from 0 to 
10 umho. 

The residual admittances fall either across the 
detector corners of the bridge, so that they do not 
enter into the balance equation, or across the ratio 
arm (')). 
were 100 percent, no error would be caused by the 


If the coupling between the ratio arms 
burden on one arm. Since 100-percent coupling 
cannot be quite obtained, a slight error is caused 
In all 


measurements, the residual admittances across the 


by the unequal loading of the ratio arms. 


CD arm were either small or were kept practically 
constant during a given measurement so that no 
appreciable error was introduced from this source. 

When two or more capacitors were connected in 
parallel, coaxial leads were used to connect the 
The test 
set was not designed to be a precision instrument, 


units to both terminals of the test set. 


but it has the stability and sensitivity necessary 
for the measurement of very small capacitors. In 
this work the test set was used merely as a balance 
to determine the equality of two capacitances by 
a substitution method. For this purpose it was 
well suited. The only alteration made in the test 
set was in the detector tuning unit, which was 
changed so that it could be tuned with a larger 
than normal capacitance to ground at the B 
terminal. 

The small primary capacitance standards were 
1 ,000-uuf 
standard capacitor in a Schering bridge. 


measured by subdividing a variable 

The method is old and in general use for cali- 
brating variable capacitors by stepping up, sub- 
dividing, ete. An unknown three-terminal capac- 
itor, 4, was compared with a calibrated variable 
standard having a range of capacitance of 1,000 
This 


difference in capacitance of approximately 1,000 


puf between 100 and 1,100 seale divisions. 


uuf was accurately known, having been predeter- 
mined in the well-known 
bridge [7] in terms of resistance and time with an 


Maxwell commutator 
accuracy of about 0.01 percent. 
The standard and the unknown, which was a 


three-terminal variable with a full-scale range of 
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Papie 4 Value of O.1 micromic rofarad unit of decade capacitor in terms of various small primary capacitance 


from Maxwell commutator bridge data 


Derived value of 0.1 guf of decade capacitor 


Small primary 
standard (guard 
ring ty 


Computed Observer 


capacitance 
i Deviation 


, from in 
Average (3 om Meat 
observers 


; 
ahs pul ahs pul ahs pul ahs pul 


0. 10014 0. LO008 0. 10017 0. 10018 
1OOLT 10005 LOOT 10008 
lootl . 10014 wo . won 
1OOLS 10020 loos loot 


New Type 
| circular oou74 1OOO5 


025 rectangular 244 LOO 


Mean 5 0. lool? 0. WOO1S 0. 10014 


By stepping down from Maxwell commuta- 
tor brid data 0. 10016 0. loo09 0. lOOLS 


100 wuf, were connected in parallel in the measur- tained in terms of a capacitance difference 
ing arm of the bridge. 1,000 wuf measured on a variable capacitor 
The change-of-standard method was employed Maxwell commutator bridge. 
for determining the unknown direct capacitance For measuring secondary units of 5 
in the following manner: Starting with the stand- larger, a calibrated variable capacitor can | 
ard set on the 100 seale point and with the un- as a satisfactory reference standard. The ca’- 
known capacitor connected, the bridge is balanced bration of a secondary capacitor by using 
holding the standard and unknown fixed. The Schering bridge has been made both by stepy 
unknown is then disconnected and the bridge up from the 5-yef guard-ring capacitor 
rebalanced by increasing the standard. Leaving by stepping down from a_ 1,000-uul 
the standard fixed at this new position, the above capacitor, which had been measured in a Mi 
procedure was repeated so that the value of the well commutator bridge. The agreement 
unknown was transferred to the standard in 10 tween the values by the two methods was \ 
additive steps, at the end of which addition the — within 0.1 percent. 
standard scale reading was very nearly 1,100. The results given in table 4 indicat: 
Normally the value of the standard will not be capacitance of O.1 yuf can be realized, with 
exactly 10 times the unknown. Since in our accuracy of about 0.1 percent, either from ab 
case both were calibrated variable capacitors, the lute standards or by methods of subdivid 
difference could be read on either instrument. large units. Standards 3 end 6 are considered 
The difference, 4, was usually so small that a be the least reliable of the group. Omittu 
precise calibration of the scale used to read the values obtained from standards 3 and 6, th: 
difference was not important. value of the O.1-uyf fixed standard is lowere: 
If y=capacitance difference on the standard 0.04 percent, or to 0.10010 pyf, which ts | 
between scale points 100 and 1,100; 2=capaci- to be its most probable value. 
tance of unknown; y— 102—A; then r= )'--A/10. 
The above procedure was repeated to subdivide VII. Summary and Conclusions 
the 100-yuf variable standard and finally a 10-yuf 
variable standard both of which were of the A number of primary standards of cap 
three-terminal type. have been built, the construction being s 
In subdividing the 10-yuf variable, the 1-yuf their capacitance should remain perman 
and the 5-uuf primary standards were used as long periods. A number of auxiliary to 


} 


unknowns, and their capacitances were thus ob- been made to use in intercomparing thy 
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ind in comparing primary standards 
wn secondary standards. 

hods of measuring the primary stand- 
leseribed, including the transfer of a 
difference on a large variable capacitor 
~ysured in the Maxwell commutator bridge to 
Schering bridge where this capacitance differ- 
s subdivided and compared with some of the 

vily designed low-capacitance standards. 

he capacitance values of the primary standards 

been computed from their dimensions. 

Results of measurements by the various test 
thods and a comparison with the computed 
ws of the standards is given. 

From measurements and intercomparisons on a 
ber of small capacitance units, it seems that 
weuracy of about 0.1 percent can be obtained 
the calibration of capacitors from 5 ypyf to 

pul, the 

+0.5 percent, and for 0.001 


haps as low as O.1 wyf. For 0.01 
iracy is probably 
f about 2 percent. 
The computed capacitance of the smaller pri- 
ry standards agrees within about 0.1 percent 
th the values obtained by a method of subdivi- 
i from larger units, the values of which were 
termined by bridge methods in terms of resist- 
and time. 
lhe Bureau is now equipped with a set of refer- 
standards of capacitance in the range from 
“1 to 100 wuf. Test methods have been de- 
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veloped so that secondary standards of equivalent 
range can be tested and certified with the precision 
needed to determine the interelectrode capacitance 
of electron tubes. 


The authors express their appreciation to R. L. 
Driscoll for making some of the computations; to 
Thelma Hollis for many of the electrical measure- 
ments; to A. H. Seott for the Schering bridge 
measurements; and L. P. Slivka for his painstak- 
ing work in the construction of several of the 


capacitors. 
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Experimental Verification of Theory of Landing Impact 
By Walter Ramberg and Albert E. McPherson 


Drop tests of an idealized wing and alighting gear were made to provide an experi- 
mental cheek on methods for computing the transient bending stresses in the wing produced 


by a symmetrical vertical landing impact. The model was dropped in a nearly strain-free 


condition to make contact at a pont below the center of gravity 


ing gear, acceleration at the “‘fuselage”’, 


function of time 


The forees in the alight- 


and bending strains in the wing were recorded as a 


\ccording to the statistical theory of Biot and Bisplinghoff, the computed maximum bend- 


ng stresses, using the first three flexural modes, 


than the measured values 


than 20 percent 


I. Introduction 


The tests deseribed in this paper ' were made 
United States 


\avy Department, to provide an experimental 


the Bureau of Aeronautics, 


fication of analytical methods for determining 
transient oscillations in the structure of an 

plane during landing impact. 
The practical importance of this problem for 
safe operation of large airplanes has been 
essed by Biot and Bisplinghoff |1]?, Keller {2}, 

Yorgiadis [3]. 
lhe analysis of the transients during landing 
pact os complicated by the fact that these 
usients involve many natural modes of vibra- 
of the airplane, and response in each mode 
pends on the force-time curve at the point of 
tact. The force-time curve will vary from 
landing to the next of a given airplane. In 
w of these complications, Biot and Bispling- 
olf proposed an ingenious statistical approach to 
landing problem. ln this approach the vibra- 
vot the structure in a given mode is reduced to 
of an equivalent linear oscillator, and the 
iumum amplitude in that mode is estimated 
oman envelope of “dynamic response factors”’, 
ch bounds the response to impact force-time 
presented before the Sixth International Congress for 
in Paris on Sept. 27, 1946 


rackets indicate the literature references at the end of this 


landing Impact 





were found to be 43 to 137 pereent greater 


Using the actual forcing function reduced the difference to less 


curves of any shape that may be expected in the 
landing. An upper limit to the resultant ampli- 
tude is obtained by adding up the maximum 
amplitudes in the various modes. 

Application of Biot and Bisplinghoff’s statistical 
approach involves the following assumptions, 
which may affect the accuracy of the result: 

1. The amplitude in- the 


modes is added up without regard to phase differ- 


maximum various 


ences. This will lead to a resultant that may be 
considerably larger than the resultant when phase 
differences are taken into account. 

2. The most severe impact force-time curve 
during the landing approaches in effect one of 
the impact force-time curves that were used by 
Biot and Bispiinghoff to derive their envelope of 


dynamic response factors’. Further measure- 
ments of landing impacts in service and of impact 
force-time curves in drop tests of landing gear 
lead to modifications of 


may the envelope of 


dynamic response factor. The envelope should 
be raised if service showed more severe impact 
force-time curves than those assumed by Biot 
and Bisplinghoff. It could be lowered if they 
were found to be consistently less severe. 

3. It is sufficient to confine the analysis to the 
first few modes of vibration. Inclusion of modes 
of higher order than about the fifth is impracti- 
cable, because they are either unknown or too 
difficult to determine. This may lead to an exces- 
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sively low value of the resultant if the higher 
modes contribute a significant proportion to the 
resultant. 

4. The force-time curve at the landing gear is 
independent of the flexibility of the airplane 
structure. Actually there may be ar appreciable 
coupling between the elastic deflection of the 
structure and the action of the landing gear. 

5. The effect of damping is negligible. Damp- 
ing may introduce coupling between the various 
modes of vibration of the airplane, thereby making 
it impossible to analyze the vibration in any given 
mode apart from that in all other modes. 

6. Nonlinear effects are negligible. Nonlinear 
effects caused by buckling of the sheet, slipping 
of rivets, exceeding of the proportional limit of 
the materials in portions of the structure may 
introduce coupling between various modes. 








Fieure 1. 


An experimental verification of Biot and Bis- 
plinghoff’s analysis was decided upon in order to 
determine the adequacy of the assumptions and 
to indicate the minimum number of modes of 
that 


maximum bending moments and accelerations at 


vibration must be included to estimate 
various stations along the wing 

The experimental verification was started with 
the tests described in this paper. These tests are 
concerned with the simplest case, namely that of 
measuring the flexural transients in a symmetri- 
cally tapered model wing when the model is sub- 
jected to a vertical impact force directly below 
the center of gravity. Four engine masses were 
mounted symmetrically on the wing so as to sub- 
without torsion during the 


ject it to bending 


landing impact. 
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II. Description of Model 
l. Wing 


The wing was designed to have a mass q 
flexural-rigidity distribution approximatine that o! 
a }o-scale model of a large military airple TI 
assembled model is shown in figure 1. The wine 
was a tapered box beam of rectangular section. | 
was constructed of aluminum alloy sheet 4 
angles fastened with ‘-in. rivets. The nomiy 
cross-sectional dimensions at several statio: 
the wing are shown in figure 2. 

The flexural rigidity, #7, at various stations 
along the completed wing was computed fro 
measurements of extreme fiber strains wher 
wing was subjected to a known bending momen! 
The results are given in figure 3. 

The mass distribution of the wing was measu 


10 

[dealized model. 
by a volumetric method. This involved strippux J 4 
the wing of the engine weights and measuring | n 
change in weight as the wing was lowered - 


large container of water. The measured y: 
mass per inch are shown in figure 4, a. Figure 4 
shows the magnitude and location of conce! 


masses corresponding to the engines and fuselag 


2. Alighting Gear 
(a) Damper 


Adjustment of the damping force ov 
range was made possible with a fluid dan 
into the center of the model. Th 
figures 5 and 6, consisted essentially o! 
forcing fluid out of 8 adjustable ports in : 


The ports were located in the side of t! 
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Banding Impact 











Guice rod 


Vacuum fube 
= accelerometer 
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wall at 0.07-in. intervals along the path of travel 
As the piston traveled up the eyl- 
The 


shape of the curve of damping force versus piston 


of the piston 
inder, it successively closed off the ports 


displacement could be changed by adjusting the 


initial opening of the various ports 
(b) Spring 


The cushioning action of the air pressure in an 
oleo strut was approximated in the model by a 
pair of double cantilever springs shown near the 
The springs were designed to 
The 


stiffness was changed by moving the length-ad- 


bottom of figure 5 
have a wide range of adjustment of stiffness. 


justing block either closer or farther from the 
vertical centerline of the model. The springs were 
attached between the landing foot and the root of 
the model The initial load applied by the spring 
between root and wing could be adjusted with the 


spring-loading bolts shown in figure 5. 
(c) Landing Foot 


The landing foot of the model is shown at the 
bottom of figures 5 and 6 


It had a conical impact 


surface, which was intended to vive a nonlinear 


force-displacement relation as the foot com- 
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pressed the rubber-surfaced landing p 


Stal 
nonlinear force-displacement relation was desip 
to simulate the nonlinear characteristics of th 


tire in an actual airplane. The shape of the fore 


displacement curve was varied by changing 4 
thickness of the rubber and by us| natu 


rubber, Neoprene, and combinations \ 


III. Tests 


1. Release Gear 


the tw 


The release gear shown in figure 7 was dey lope 
to drop the model in the nearly “strai: -free coy 
that should hold during free fall. Thi 
prevents the setting up of vibrations excited } 


dition” 


the sudden removal of the dead-weight fore 


upon release of the model. It has been foup 
that such vibrations may interfere seriously wit 
the interpretation of the strains and acceleration 
recorded during drop tests of full-size airplay 

The release gear supports the model at s 
stations along the wing with forces that a 
justed to be nearly in balance with the loca 
weight forces. Upon release, the supports 
removed at an acceleration greater than ¢g 
thus leaving the model free to fall in its 
strain-free condition 

The support is applied to the mod 
pointed serews, B, at the ends of six arms 4 
figure 7. The screws, B, were carefully 
until strain gages attached to the mod 
root and near the first engine indicated 
strain-free condition”’. 


was ina” Stra 


“~~ -< 


~— 
~ 


Figure 6. Center section of idealiz 
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at si FIGURE 7 


to the “‘strain-free’’ condition were 


mined as the average of readings for the +g 


sponding 
qg condition. The -+-g condition was 
biained by holding the model above the center 
tv with the landing foot vertical below the 
of gravity; the —g condition was obtained 
turning the model through 180° about the 


axis to place the landing foot vertically 





the center of gravity. 





The model was released by cutting an 0.04-in. 
which held the 
the supporting position. The 





wire attached to lever C, 





ist rear omn 





pports were swung away from under the model 





an acceleration greater than g by heavy rubber 





mnds, J), which rotated the main support rod, 
A friction 
tch at F on rod E£ prevented the arms, A, from 
‘inging back into the model. 





, about ball bearings at the ends. 







2. Instrumentation 






The instrumentation of the model included 






tk-ups for measuring bending moment near the 
selage and near the first outboard engine, accel- 





ation at the fuselage, force transmitted through 
@ springs 
mper 





and force transmitted through the 












All quar tities except acceleration were measured 
th pick 





ps by using strain-sensitive wire. The 





renal of 


hese pick-ups was amplified with the 








Researcammmnding Impact 











four-channel equipment shown at @ in figure 7. 
It was then recorded in the six-channel recorder, 
H. The amplifying equipment included in each 
Wheatstone 
bridge and a band-pass filter to give nearly flat 


channel a 1,000 c/s carrier-current 
response up to 100 ¢/s; at 200 c/s the response 
was down about 20 percent. The recorder was 
equipped with galvanometers having a natural fre- 
quency of 430 ¢/s and a response that was flat up 
to 100 e/s.: 


at 200 c/s: it dropped off rapidly above 300 e/s. 


the response rose about 20 percent 


Acceleration was measured with a = vacuum- 
tube acceleration pick-up developed at the Na- 
tional Bureau of Standards. The pick-up con- 
tains two separate flexibly mounted plates on 
opposite sides of a fixed cathode. The plates are 
deflected elastically by the accelerations, thereby 
increasing the current between one plate and the 
cathode and decreasing it between the other plate 
The total change in current is 
Wheatstone 
pick-up has a fundamental frequency of about 
SOO cs. 
filter into the recorder, //, giving a flat response 


and the cathode. 


recorded through a bridge. The 


The output was fed through a low-pass 


up to 200 ¢/s. 

The bending moments at various stations on the 
wings were measured by attaching pairs of wire- 
strain gages to the top and bottom of the wing 
and connecting them in opposition in a Wheat- 
stone bridge circuit so that the output was pro- 
portional to the extreme fiber-bending strain. 
In addition, gages in corresponding positions on 
the right and left halves of the wing were con- 
nected in series to average their output electri- 
cally. 


The over-all circuit from gages through 
Wheatstone bridge, amplifier, and 


oscillograph 
was calibrated statically before each set of drop 
tests by applying known bending moments to the 
wing and recording the output. 

The acceleration at the fuselage was measured 
with the vacuum-tube acceleration pick-up, «A, 
figure 6. The pick-up and circuit were calibrated 
with an acceleration of 2 g applied before each 
set of drop tests by reversing the accelerometer 
in the earth’s gravitational field and recording the 
output. 

The force transmitted through the spring was 
measured by attaching wire-strain gages, B, figure 
6, to each of the eight leaves of the spring and 
connecting them into a Wheatstone bridge circuit 
in such a way that their output was proportional 
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Ficure 8. 


Pressure relief ports open 4 turn in tests a to c. 
C, damper: D, outboard bending: F, root bending. 


to the total force transmitted by the spring. A 
static calibration was obtained before each set of 
tests by applying known forces and recording the 
output. 

The force transmitted through the damper was 


measured by a small pressure gage at the top of 
This pressure 


the eylinder chamber, figure 5. 
gage consisted of an aluminum alloy tube ‘s-in. 
long, * in. in diameter, and of 0.0035-in. wall 
thickness. The tube had one end closed and the 
other end open to the fluid in the cylinder. On 
the outside of the tube 0.001-in. constantan wire 
was wound and cemented into place taking care 
to insulate the wire from the tube and to bring 
out firmly anchored lead wires. <A static calibra- 
tion of the gage showed it to have a linear change 
in resistance with pressure up to pressures of 300 
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In test f, ports 1 to 5 open one-fourth turn, and ports 6 to 8 closed 





Drop tests from a height of about 0.7 in. 


A, fuselage a 


Number of rubber pads 


Initial under landing foot 
spring 
loading 


Natural Neoprene 


lb/in.*, corresponding to forces of 500 |b 
mitted through the damper. 


IV. Results 


The records showing the results of thy 
tests from a height of about 0.7 in. are show 
figure 8. 
ing conditions were varied by changing the sof"! 


Six drops were made in which th 


of the rubber on which the model was 
the initial spring loading, and the opening 
pressure relief ports in the damper. | 
spring loading of 45 lb, for impact, (| 
corresponds to supporting the whol 
the model on the springs. 

The shortest impact, lasting about ( 
shown in figure 8, f, and the longest in 


Journal of Researci 





a 
rhe 


ipact time to the period of the model 


0.086 sec, is shown in figure 8, a. 


lamental bending mode approximately 
range of this ratio for large airplanes. 

ximum observed bending moments in 
it stations 1.5 in. and 14.5 in. from the 
table 1. 
maximum observed accelerations at the 


riven in In addition, table 1 


duration of the impact, and the maximum 


orce. The maximum impact force was 


mpact 
‘btained as the maximum value of the sum of 
forces transmitted through the springs and 


lamper 


the 


p ng and lamper Jorces) 


Varimum values of applied impact force 


bending moments at 


’ 


nd 14.5-in. stations, and accelerations at root 


Maxi 
Bend 
ing 
mo 
ment 
l» 


Bend 

r Impact 
dura 
tion 


Maximum accel 
eration at root 


8 ( 
0. OS® 
O76 
062 
O60 
O52 


OND 


V. Analysis 
1. Normal Modes of Vibration 


Th 
ng in bending were computed by considering the 


normal modes of vibration of the model 


concentrated at the root and at nine 
The distributed 


mass to be 
stations along each half-wing. 


TABLE 2 Distribution of mass and flexibility 


Station, 
inches 
from root 


Station No 


lh-sec 10 
0. 08142 


OOL6! 


m 


00850) 
00205 
OOSsgY 


. 00106 
OOOT2S 

. 000510 
000295 

. 000129 


landing Impact 


Flexibility, 
WEI 


mass of the portion of the wing between adjacent 
stations was distributed to those stations in in- 
verse proportion to the distance from each station 
to the center of gravity of the portion of wing 
being considered. The values are given in table 
2. Influence coefficients were then computed be- 
tween the mass points by treating each half-wing 
The first 
three flexural modes of the wing in free-free vibra- 


as a simple beam clamped at the root. 


tion were computed from these influence coefli- 
cients and from the given mass distribution using 
a dynamic matrix and iteration procedure as ex- 
plained by Duncan and Collar [4]; the deflection 
at the root of the wing was obtained from the 
condition that the center of gravity of the wing 
must remain at rest for free-free vibration. In the 
case of the second and third mode, the iteration 
procedure had to be modified to prevent conver- 
gence to the fundamental mode. 
complished by removing any proportion of lower 
modes present with the help of the orthogonality 
relations as outlined for propeller blades in [5]. 

The deflections in each mode r were normalized 
by dividing the deflection, yj’, at a given sta- 
tion, 7, by that at the tip station. 
given in table 2. 

The normalized deflection, 9°)’, 
tuted in the following formula to obtain the gen- 
eralized mass, ./,, of the equivalent linear oscilla- 
tor in mode r (see {1]): 


This was ac- 


The values are 


were substi- 


u 


> > min ‘ \’, 


i=0 


M, (1) 


where m, is the mass at station 7. The values are 
given in table 3, together with the frequencies and 
periods in each mode. 


along half-wing ande shap of natural modes 


Normal- 
ized de- 
flection in 
mode, 72 


Normal- 
ized de- 
flection in 
mode, 


Normalized 
deflection 
in mode, 7 


Normalized 
defiection 
in mode, 


*/lb-in.* 
0. 095 
116 

162 


0. O1S34 
00408 


0. OS006 
07069 


0. 03631 
02350 
O1498 
O77 
13320 


O3855 . 08395 
02970 


. 16044 


07531 


. OSS38 


13514 
28579 
20425 


oogur 


35362 O7605 
. 52797 
64232 


SOOTY 


. 080383 
IS102 
4sil4 

1. 00000 


1. GO000 1. 00000 








Tasie 3 Natural period, generalized mass, and bending 
moment for each natural mode 
Be ng Bendis 
mh ent Mmonent 
n il : ! 
eriod frenera runit for unit 
More, 1 ed tip de tip ch 
! MV flo« flection 
Vv VJ 
ht) 22 i 
4s OOLS22 4.42 7 
Hm (we #21 ath 
“ Liss ie s ss 


Table 3 shows also the bending moments per 
unit-tip deflection in each mode at the two sta- 
14.5 which 


were 


the root, at 
The 


ments were computed by considering the wing to 


tions, 1.5 and in. from 


measurements made bending mo- 
be loaded at stations ¢=1,2, . . ., 9 by transverse 


forces w, where w, is the frequency in the 


“hh n 
rth mode 


2. Dynamic Response According to Theory of 
Biot and Bisplinghoff 


The dynamic response of the model wing was 
computed by using Biot and Bisplinghoff’s theory 
(1) for each of the 6 impacts shown in figure 9. 
These were obtained from the records of figure Ss 
by adding the spring and damper forces shown as 
B and C and dividing by 2. 


(a) Bending Moment 


maximum bending moments \/,,. and 


at stations 1.5 in. and 14.5 in. from the root 


The 
Vas 
were computed by adding up the maximum bend- 
ing moments (.1/,,;), and (\V/,,, 5), for the first 3 
modes r . a ee Two sets of values were com- 
puted, the first an upper limit corresponding to 
the 
given in figure 13 of [1], and the second a closer 


envelope of dynamic response factors y, 
approximation corresponding to the response factor 
for that impact 12 of Il] that came 


closest to the actual impacts shown in figure 9. 


in figure 

The bending moments in each mode r were 
obtained by multiplying the bending moments 
per unit tip deflection in table 3 by the tip deflee- 
tion y,Q,/\f,e7, where (, is the generalized force 
in mode r. The generalized force was computed 
as the product of the maximum observed impact 
force and the normalized deflection at the root 


in mode r. 
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Figure 9 Total impact force per half 
hiqure s 
TABLE 4 Bending moments according to theo 
Bis plingheff, lhein 
Drop 
Bending moments I 
i hy 
VM 1 envelope 1170 1 21 1, 278 | s 
Vv 2 envelop oat 71) O75 ' 
Mi S envelope s 42 ii ‘ 
a 
V5, 1 best fit 7 173 a7 
Mo. 2 best fit Is2 203 Is 
M/ t best fit ts 42 Ww) 
Va. 1 envelope aI GIs xAN s 
VM 2 envelop tit) 77 7s 
Va tS envelope 1 
Vs 1 best fit an SI 167 1 
M/s, 2 best fit 52 aS 52 ) ‘ 
Man. us t best fit ; ; 
Mo, envelop 1, 439 1, (33 1, 509 1, 48 . fre 
Ma. us envelop ATH we? wi2 StH 
(Mo, 1.5) best fit 955 1, 418 SUH si2 
(Ms, us) best fit wid) avo 516 44s 
) 
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h, its of the computations are given in 

‘xamination of this table shows that 

t] lexural mode contributes less than 4 

he bending moment at the two stations. 

this rapid convergence, it would have 

. ent in this particular case to confine 
= to the first two flexural modes. 


“B Comparison of the maximum bending moments 
> . 
table 4, with those observed experi- 
tally. table 1, shows that the computed values 
» the best fit impact curve are from 15 percent 
~to 5) percent more than those observed, and 
the envelope impact curve are from 43 to 
more than those observed. 
\ (b) Acceleration at Root of Wing 
—— 
\ dvnamic response factor a@ for acceleration, 
ogous to the dynamic response factor y for 
tions as given in figure 13 of [1], was deter- 
as follows: 
m equations (1-8) and (1-10) of {1}, 
O., wo, {* , 
Q,(r) sin w,(t—r)dr, (2) 
VU, M, Jo * = 
acceleration in mode r at tip 
(1) generalized force in mode r as a 
function of time 
variable of integration 
time. 
note by VY, the maximum value of Q,(t)and 
q {) be a unit impact force defined by 
p(t (ft ) 
-™ dr(t)s 3) 
Q, 
tain the dynamic response factor a(t) for 
ration as 
UM t p(t w ; pr(r) sin w,(t— r)dr, 
1) 
Vnamic response factor a“?(f) can be con- 
(as the ratio of the actual acceleration 
the tip to the steady acceleration result- 
< Irom pplving the peak generalized force (, 
« generalized mass V7. 
Value of a(t) was evaluated for impacts 
hg shape and sinusoidal shape by using 
y . iA hl 
pie atnialy presented in eq 16 to 19 of [6]. The 
search 


anding Impact 
a0 is 11 





peak values @ of a(t) are plotted in figure 10 
as a function of the ratio of impact pulse period 
T to mode period 7T,=2r/e,. The dynamic re- 
sponse factor @ for acceleration decreases rapidly 
T/T, is inereased above O.8. For 


As TT 


as the ratio 
7/7, greater than 7, @ is less than 0.20. 
approaches zero, @ approaches 1, 

The maximum acceleration jj, at the root of the 
wing was computed by adding up the maximum 
accelerations i‘? for the first four modes r—0, 1, 
» 


2, 3, where r=0 corresponds to motion as a rigid 


body. Two sets of values were computed, as in 
the case of the bending moments, the first corre- 
sponding to the envelope of dynamic response 
factors @ in figure 10 and the second corresponding 
to that one of the two shapes of the curve of 
impact force versus time, assumed for figure 10, 
that comes closest to the actual impact shown in 
figure 9. 


The accelerations jj)? in each mode were ob- 
tained from 


an,” 
-(r ry No 7 
Yo VW (5) 


where n°? is the normalized deflection at the root. 
For the rigid body mode r=0., 


ij (oi Mo, ja) 


where (> is one-half of the maximum impact force 
applied, and 1, is one-half of the mass of the wing. 

The results of the computation are given in 
table 5. Examination of table 5 shows that the 
second and third flexural modes contribute less 
than 4 percent to the acceleration at the root. 
It would have been sufficient in this case to con- 


TARLE 5 leceleration at root of wing according to theory 
of Biot and Bisplinghoff in. sec? 
I 
Accel 
) 
i 
l Zu 1, (aw) slo 1, ti l 2,046 
envelope 24 257 279 259 Wi7 7 
nvelope 2 é3 4 “iu 10 102 
y envelop ; 2 14 ' 2 20 
best fit Ist) 132 7s “i 201 2 
best fit 29 +) is ti2 if 4! 
best fit t ; i l 
envelope 1,99 2 239 2 177 2 07 2 Hi } 
, fit , > ann : | 
wstn 1, Wa2 200s l ") 1, S11 2.440 2.310 
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Figure 10. Dynamic response factor for acceleratio c 
lriangular pulse nusoidal pu envelop g 
fine the analysis to the rigid body motion and the relation figure 9, d by the normalized detle: 
fundamental flexural mode the root, 7) The integrations wei 
Comparison of the maximum computed accel- out numerically. The resulting tip deth 
erations at the root, table 5, with those observed each of the first three flexural modes are s! 
experimentally, table 1, shows that the computed figure 11, a. 
values using the envelope curve are frem 16 to The bending moments MV, at | 
Si pereent more than those observed and, using the root were computed by multiplying 
the best fit curve, are from 8 to 43 percent more deflections in each mode by the corresp 
than those observed factor in table 3 The resulting bending mo! 
in each of the first three modes and their s ( 
3. More Fxact Analysis, Including Effect of Phase well as the observed bending moment, are s! 
Differences in figure 11, b. Figure 11, ¢ shows correspo 
values at 14.5 in. from the root. 
A basic asstunmption in the theory of 1] is that The acceleration at the root in the rigi 
the maximum response of the wing in each mode mode r=0 was computed from eq 5a all 
be added without regard for phase. The ing Y by Q(t). The acceleration in the fle 


TAS 
resulting error was computed by making a more 
exact analysis for the impact-time relation shown 


in figure 9, d 


The tip deflection in mode r(r=1, 2, 3) was 
computed from eq (1—10) of [1] 
“Q il t l 6 
’ (rt) sin w,(t—r)dr, (6 
Y , Me J . 7” 
where @,(f) is the generalized force in mode 


computed by multiplying the impact force-time 
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3 was obtained from 


CH... 7 : 
|) ind da 


where yj, is the tip deflection giver 
ll, a. The results of the computatio Y 


in figure 11, d, together with the obsery 


modes 7 a 


tion at the root. 


ll, b 
bend 


Examination of figures to 


that the observed maximum 


7 
Lanc 
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Detailed analysis for the impact force-time re- 


lation in fqure Yd, 


than 20 


the computed values, when the phase differ- 


accelerations differed less percent 


es were taken into account and when the 


nol | 


al impact force-time curve was used. 


/ 


mparison of the response in the individual 
ves in figure 11 shows that the error caused by 


ting phase differences was negligible (less 
‘)) in the ease of bending moments. In 
case of acceleration at the root, the error was 
[25 percent. 
rood agreement observed for bending 
ent is primarily the result of the following 
raft structures (or models simulating air- 
periods of natural vibration 7, are as 
or shorter than the duration of the impact 
cha case, a maximum bending moment 
deflection response in all the modes occurs in 
se ata time a little later than the maximum 
ied impact foree. The response in the differ- 


modes drops off rapidly as the number of the 


Researd 


landing Impact 





mode increases. Hence the contribution of the 
higher modes becomes negligible. 

The phase difference can be important in the 
the 


first flexural mode may be, and in this example 


case of acceleration, as the acceleration in 
was, opposed in phase to that of the rigid body 
motion at the peak. Neglect of phase in the case 
of acceleration near the tip of the wing would 
probably lead to results so inaccurate as to be 


useless, 


VI. Summary 


An experimental verification of Biot and Bis- 
plinghoif’s analysis of landing impact is presented. 
An airplane model was built having a distribution 
of mass and of flexural rigidity along the wing ap- 
proximately proportional to that for a four-engine 
The four engine masses were 
the 
excite flexural vibrations without torsion when the 


military airplane. 
mounted symmetrically on wing so as to 
model was dropped vertically to receive a landing 
impact below the center of gravity. The model 
contained an alighting gear with means for adjust- 
ing the time history of the impact force acting on 
the wings. Measurements were made of impact 
force, bending moments at two stations, and root 
acceleration for six landing conditions. 

The observed maximum bending moments were 
compared with those computed by Biot and Bis- 
plinghoff’s method. The computed bending mo- 
ment, using a response factor given by an envelope 
curve due to Biot and Bisplinghofl, was 43 to 137 
percent larger than the observed bending moment. 
Use of an approximation to the actual impact-time 
relation gave bending moments from 15 percent 
less to 51 percent greater than the observed bend- 
ing moments. 

A more exact analysis, taking account of phase 
differences was made for one of the actual impact 
force-time curves. This gave maximum bending 
moments that differed less than 20 percent from 
the observed bending moments. Comparison of 
the computed response in the individual modes 
showed that the neglect of phase differences be- 

the different 
and Bisplinghoff’s 


tween modes, in accordance with 


Biot 
caused an error in maximum bending moment of 


analysis, would have 
less than | percent. 
maximum the 


wing root: were compared with those computed 


The observed accelerations at 


from an extension of Biot and Bisplinghoff’s anal- 
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ysis, which involved the computation of response 
factor curves for acceleration. The computed 
acceleration, using a response factor riven by the 
envelope to these curves, was 16 to 56 percent 
greater than the measured acceleration. Use of 
the most closely fitting impact curve reduced this 
error to S to 45 percent It should be noted in 
this connection that larger differences may be ex- 
pected at the wing tips, since these are more 
affected by flexural vibrations. 

The more exact analysis for one of the impacts 
showed that the neglect of phase differences caused 
an error in computed maximum accelerations at 
the root of about 28 pereent. This error would 
probably be much greater for acceleration at the 
wing tip 


The authors thank their colleagues Samuel Levy, 


for the analysis reported in this paper, and Eileen 


D. Segal, for the numerical 
hamic response. 


computatior 
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Copolymerization ' 
By Robert Simha and Leo A. Wall 


\ critical discussion of the mechanism of formation of copolymers by addition poly meri- 

ation is presented, It deals mainly with the following three fundamental aspects: First, 
the quantitative treatment of the reaction starting with a scheme consisting of initiation, 
growth, and termination mechanisms, 


Expressions for the instantaneous and total copolymer 


composition and for the over-all rate of reaction as function of monomer composition and 
of conversion are derived in terms of quantities characteristic of the reaction. Graphical 
and numerical methods for the determination of these parameters from experimental data 
are given in detail. The statistical distribution of molecular weights and compositions in 
the product is considered in relation to the constants of the reaction and to the analogous 
of sitiple polviners 


Second, methods for the analvsis of copols mer compositions are liseussed and \peri- 
are summarized Reactivity ratios describing the behavior in growth of a 


toward a pair of monomers are tabulated for a series of systems 


~* results are it terpreted on the basis of resonance and of electrostatic and 
as encountered in the study of certain organic reactions 


addition, degradation of copolymers is briefly considered in the light of the possibl 


sequences in the chair \ numerical relation between vield and copolymer com- 
lerived 


problems remaining are principally the following Experimental methods of 
analvsis, determination of over-all rates of reaction and of individual rate con- 
nd a more fundamental correlation between structure of monomers and behavior 
merization Also, systematic data on the thermodynamic and rate properties of 
mer solutions should be of great interest, and studies of the bulk properties and their 
copolymer structure represent a field where research has only recently beet 


I. Introduction able at present Finally, interpretations of the 
differences in relative reactivities have been made 
the extensive experimental and theo- ' 

, on the basis of the electronic 
ittack on the general problem of chain 

ation reactions, recent 


ng 


structure of the 
individual monomers [15, 24]. [t is the purpose 
vears have 


of this article to review the main points of these 
series of fundamental investigations 


theoretical and experimental investigations, — In 
copolymerization reactions A frame- ‘ : 
’ respect to the former, stress will be laid on those 
the analysis of over-all monomer con- . 
’ aspects which also have been examined expeii- 
and resulting change in average polymer 
sph. mentally, 
on has been created [1, 1S, 26, Sl] and . 


perimentally |5, 1S] Equations for the 


II. List of Important Symbols 
composition distributions have also been 
26, 28]. Llowever, no systematic ex- 


respective numbers of 
tal results on such distributions are avail- 


" 

monomer molecules of 

copolvmerizing species, Also used to indi- 
cate species 

rasa chapter in a forthes 

hed 


ming Americar A initial values of tf and 2B 
t " hold Publi ng > 
by the Reinhold Pu hing Co., ratio AB. 
initial value of z 


rature referet 


catalyst concentration 





Neg A number of radical chains with an active A- 
end containing A-units and s B-units 

n,(B number of radical chains with an active B 
end, containing A-units and s B-units. 

A* total number, p> n,.(.A) of radieal chains 
with an active l-end 

he total number, > n..(B) of radical chains 
with an active B-end 

AN number of stable polymer chains contain \- 
nits and s /3-units 

I. first orcer rate constant for initiation of mono- 
mer species 1 

le first order rate constant for initiation of mone 
mer species 13 

/ rate constant for prod iction of radicals from 
cataivet 

eal A rete constant for propagation by eddition of 
A-monomer to a radical with an active .1- 
end 

Ken A rate constant for propagation by addition of 
B-monomer to a radical with an active .A- 
end 

k.(B rate constant for propagation by addition of 
.l-monomer to a radical with an active B 
end 

ken B rate constant for propagation by addition of 
B-monomer to a radical with an active B- 
end 

kealr,s,A) rate constant for propagation defined in the 
same manner as ky4(A) above, but depend- 
ent on composition r,s of growing radical 

/ 1A rate constant for mutual termination of two 
radicals with active A-ends 

k,( A, B rate constant for mutual termination of two 
radicals with active A- and B-ends, respect 
ively. 

ki, BOB rate constant for mutual termination of two 
radicals with active B-ends 

a reactivity ratio Khe4( A) kypl A 

bu reactivity ratio Aygy( B)/ke4(B 

Va-tV, over-all rate of copolymerization per unit 
number of radicals, 

Uy total weight of polymer at a given instant. 

u initial weight of monomer. 

l degree of polymerization of radical or stable 
poivmer 

J composition deviation of individual chain 
from the mean. 

i l, / distribution funetion of composition and chain 
length expressed as weight fraction in terms 
of above quantities 1 and y. 

number of average degree of polymerization of 
radical chains 

POA probability of occurence of i A-units in sue- 
cession in a copolymer chain. 

PAB probability of occurence of + B-units in sue- 
cession in a copolymer chain. 

A probability of formation of an A-A linkage by 


propagatior 
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w( B) probability of formation of B-B 


propagation, 


III. Quantitative Treatment 


1. General Remarks on Chain Polymerizatio, 
Reactions 


It is well established today that initiat 
growth, and termination are the prin 

though not necessarily the only mechanisms | 
determine the kinetics of chain polymerizat 
reactions. The rates of these individual ste. 
vary widely. The growth reaction is the fas 
The initiation, which produces, by one means 
another, out of a stable monomer an a 
radical is by far the slowest step, whene, 
chains are formed. Otherwise, the supply 
active monomer would be too large comp; 
with the demand of the growth reaction for st 
monomer, 

The crucial step then, to begin with, ts th 
duction of a certain number of radicals ab 
crow before they are terminated. Their 
concentration is determined by the initiatior 
termination only, since the growth merely char 
If they are terminal 


much faster than they are produced, an equilil 


their molecular weight 
is established. The exact condition for t! 

be true requires the mean life time of the act 
radicals to be small in comparison with that 
stable monomer. This defines a quasistatio 
state and allows the expression of the “'s 
state’ concentration of free radicals by means 


an “equilibrium” constant given by the rat 


Equilibrium — rate of production of free rad 


constant rate of destruction of free radi 


This additional, and in most cases of int 
valid assumption simplifies consideral|) 
quantitative treatment. It is then possibk 
develop completely the kineties of the poly he! 
tion reaction and the resulting molecula: 
distribution [12] on the basis of a postulat: 
tion mechanism. 

It will be shown here how to carry this prog 
through when two or more competing mono | 
Additional proble: 


One of the most important questions 


species are present. 
arise. 
concerned with the change in average pol\ 


composition with changing compositio 


monomer residue. The mean composi! 
pends on the relative rate with which the 
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ere 


on 


vha 


er the growing chain and hence, upon 
ve growth rates, if we exclude the 
ant number of dimers, trimers, and other 
chains In addition to the inhomo- 

respect to chain length necessarily 
n polymerizing systems, there will now 
fluctuations of the composition from 
hain These fluctuations depend upon 
he long chain radicals. All three steps 
al for the determination of the distribu- 


2. Basic Reaction Scheme and Equations 


these general remarks, we turn to the 


of the copolymerization of a binary 


issuming the simplest possible reaction 


is indieated above No kinetie studies 


tat present that would necessitate the consid- 


of additional elementary acts, as is the 


lol 


one-component systems. In view. of 


vas said previously this would not effect 


cul 
t 
I 


ation of average polymer compositions. 
follows, let n,.G.4) be the number of 
adieal chains, each of which contains 


vether r units of component «1 and s units of 
ponent RB, while having an activated end 


ve of an A-type monomer. #,,(/°>) is then 


espondingly defined. .N,, represents the num- 


of stabilized chains of specified composition, 


eat 


alvst molecule and FP a radical produced 
tsdecomposition. The following scheme may 


ne ¢ onsidered 


tint 


lon 


>No, (B) 


In writing the initiation equation we have con- 
sidered two types of activation. In the catalyzed 
activation the elementary act consists in a de- 
composition of the catalyst CC. In the equations 
for growth and termination, we have differentiated 
between A-A, A-B, B-A, and B-B addition of 
monomer to radical and radical to radical, respec- 
tively. The rates of consumption of monomer 


are given according to eq 1 by 


1 dA 
A dt 


1dB ays 


The terms i and 7, are omitted for a cataly zed 
polymerization. Otherwise, they are small and 
can be negleeted in comparison with the growth 
terms in eq 2. The summations are carried out 
over all values of r and s. The concentrations of 
free radicals Xn,,C4) and Xn,,(B) in a steady 
state obey the following relations if the initiation 
term is omitted: 


don, wi) 


dt B kos DBS in 


-_—— om 


ky(A, A)>on,.( A) Sonn ( A 


—_— 


Ras B A> ‘ni 


bk (AB) S3n,.(.A)S3n,.(B)=0 


An analogous equation results for Xv,,.(/ 


Equation 3 expresses the fact that A-type radicals 


are produced by addition of .1- type monomer to 
B-type radicals, and they are destroyed by adding 
E-type monomer and by termination with an <1 
or B type radical. The terms contributed by the 
chain-breaking reaction are small compared with 
the growth terms in eq 3, if long chains are to be 
formed. Hence, they may be neglected, and we 
obtain the simple relation: 
S“n,.(A) Kea( BAA > “n..(B). (3a) 
bk en( AB 
It expresses the fact that free radicals with an 
active end A are produced as rapidly by addition 
of monomer 1 to free radicals with an active end 
B as they are destroyed by addition of monomer 
B to free radicals with an active end 1. 


3. Compositional Relationships: Average Com- 
position, Relation to Conversion 


Insertion of eq 3a into eq 3 leads to the following 
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relation for the change tn composition of monomer 
residue 
dA A kgy( B) keg( ADA 


? ken AB 
dB B kos wl B ra 


kon BB 


It has been assumed in eq | that the rate con- 
stants are essentially independent of chain length, 
an assumption commonly made in chain polymer- 
ization reactions and shown to be true in polycon- 
densation reactions [11]. Furthermore, they are 
independent of chain composition r,s in eq. 1 
Herington and Robertson [12] have established 
equations that allow in principle a deduction of 
such a dependence from molecular-weight dis- 
tributions. Analogous relations for copolymeriz- 
ing systems have been developed by Simha and 
Branson [26]. However, the equations are too 
complex and experimental results nonexistent to 
merit further discussion here. It may be noted 
only that eq 4 ts unaffected by any such assump- 
tion. If the growth rates depend upon the com- 
position, then the constants 4,,(.17) in eq 4 repre- 
sent mean values averaged over the radieals »,.(.\/ 
with the particular end \/, that is, for instance 


Sher (rch) (A 


(A = 
> >" * 1) 
| R a rs Byn,(B 
t eA , Sn. B - 
— 


Equation 4 gives the relative rates of consump- 
tion of the two monomer species of and B under 
the approximations stated previously. It alse 
represents the instantaneous average composition 
of copolymer formed at an instant in which the 
monomer residue consisted of 1 moles of species 
one and B moles of species two. This composition 
can rot depend on the absolute magnitude of the 
but only upon the relative rates 


Hence, 


erowth rates & 
of addition of each monomer specres 


the following parameters are defined [1S:] 
A+A kg (A B 4 ken B 
A+B)" ke A)Y LB+A} "ky BY) 


The S\ mbols in the brackets indicate the modes of 


addition to which the constants « and vi refer. 


liquid pha: 
‘Various ot! mbols have been used for the ratios denoted here by ¢ 
nd gw, nar La, 8 1p r, 8/28 r, (T. Alfrey, F. R. Mayo F., 1 
Wal', J. Polym 1, 5s 
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Both parameters express the growth pat, 
means of addition of monomer of the s 
to an activated end relative to the additio | 
monomer of the other kind. Defining 
a 
more the mole ratio .A/B as 2, eq 4 is transfo 
into 
dA a2z+-l dA : l 7 
Z or ? | 
dB u)  dA+dB 2 le | 
Figures 1, 2, and 3 show plots of eq 4a y HB 
function of the mole fraction i414 2 
monomer residue for a set of various val 
the parameters ¢ and gw. The straight lin 
ponds to a situation in which monomer 
tion and instantaneous polymer compositio 
ic 
9 
ae 
a A 
Ww y 
= ‘ ‘aR 
> 6 , 
3 
a 4 
@ 5b J vA 
be 4 J | 
3 4 / 
s A 
NX fr 
a y, 4 
bd ar r y y, E 
fy } 
Pd J or 
a | J r Mee SZ 
‘4 ZA 2 
A/A+B MONOMER 
hiGuRte l Plot of nstantancous mole 
ponent | nm polyoe as funct on of mole 
enanr / 
\ ( 1) 
always equal. That is, ¢ and « must b 


unity In some instances, (fies. 2 and 


noted that the curves intersect the uy 


indicating that for a particular monon 


the above-mentioned equali \ betwee! 
compositions holds true. The meani 
special ease is discussed below lt 


visualize the limiting trends of these « 
instance, large w and small o, that is, p 
B-B and A-B addition must have th 
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¥ 6 
¥ / 
/ 
Vj 
jj | 
Vy), / } 
f/f 
e - 
a - 
4 r Vi 
Ui 
/ 
< 
4 a é € ? 5 gS 
A/A+B MONOMER 
/ ar no fio ; 
ono fio l 


a copolymer deficient in 21 up to rela- 
high percentages of .1 in’ the monomer 
wresponding plots in figure L must therefore 
tvpeof Fora 

he copolymer will be predominantly of 


ating type and dA dA dB will be close 


a wide range of monomer composition, 


If both o and ware very 


whip eurve / of figure 2. Finally, if both 

we very large no copolymer is formed, 
very harrow range around .1.1- 3B 

there occurs a& transition from pure 

to pure polymer .1. Curve .1 in figure 

es the approach to this situation. In 

t is possible to determine from graphs 

s type the values of the constants o and gu, 

ting slopes when «1 and 2B, respectively, 


zero) oare) known Substitution of 


1 into eq 4a leads to the result 


(<5 when 4 0). 


| \ ] ‘| A ] rm AB 
L dB. A+B |! | 


when 


o A+B 


on of eq fa gives the number of moles 
r 2 left at anv instant of the reaction 


opolymerization 


as function of the composition 2 of the residue, 
namely, 


where 2, and 2) are the initial values of B and 
This equation forms at present the basis for the 
determination of the parameters o and wv from an 
analysis of the copolymer composition. Applica- 
tions will be discussed in the next section. First, 
however, we shall consider some general properties 
of the function represented by eq 6 Figure 4 
shows a series of plots of log By, B versus log 

If the rates 


of addition are independent of the nature of the 


for fixed values of 2,—0.4 and w=5 


active ends, o=— 1/4, and a straight line is obtained 
If active ends 1 increasingly faver the addition 
of monomer J, and ends 2B also favor the addition 
of B-type monomer (v= 5), the lines are still prae- 
tically straight. The slopes become smaller due 
to the 
although the 


determinations of « from such plots inaccurate. 


slower disappearance of monomer .1, 


variations are small and hence 


LOof- 


dA/dA+dB POLYMER 
J 











ab 
2r / 
A 
\} 
e) i r rl n rl 4 1 rn 
.@) | 2 3 a 5 6 7 8 9 iO 


, 

PiGurt , Plot ¢ ’ nlar mie on ¢ ; 
ponent Aa poly Is , mot mote on of Aa 
mor , 

) ‘ . 
\ Kh ( o > | ‘ it 
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2/2 


Ficgure 4 Plots of log By B vs log z'z 
O4:¢@ A,c=(; Ble wu. ( , 2 Die 


The final polymer formed consists, in these exam- 
ples, entirely of species A, 2 ©, for B=0. 
When uw >I and o> 1, 


more probable than cross-overs 


A-A and B-B linkages are 
The correspond- 
Ing curves exhibit an upward curvature and possess 
a vertical asymptote shifting to the left as @ in- 
creases. In other words, the final polymer formed 
is a copolymer of fixed composition. Under such 
conditions the ratios between the rates balance 
the concentration ratios in the monomer residue 
in such a way that the polymer composition 


equals the composition of the monomer mixture or 


dA A 
dB OB 


Relation 4a then gives for the critical composi- 
tion 


ay 


Thus o and uw must both be either smaller or larger 
than unity. 

The fact that there exists a mixture of definite 
composition that copolymerizes without changing 
its composition, suggests an analogy with the 
familiar azeotropie mixtures often encountered in 
distillation processes [31]. One can construct 
curves analogous to distillation curves by con- 


sidering the sum of the rates of consumption of 
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A/AtB 
Figure 5. Plot of over-all rate for unit cor 
adical Vys+Vy, on an arbitrary sca vs 
Ll in monome VW) and in polime pP 
i 2 RB): u a= 


each monomer species as a function of 
position. Specifically, one may plot the ov 
rate of polymerization V+ V, for unit co. 
tion of free radicals [31]: 

i « 


Vit Vi, A+B 


A+Bdt Son,(Ay+>> : 
By combining eq 2 and 3a the following resu 
obtained: 
° o l u 
\ iT | BK | a 
Bell) hey B 


Figures 5 and 6 show such plots, assuming 
addition to be twice as fast as B-B growth 


curves for the polymer (/’) are constructed fro! 














‘ 
Oo 
> 
> 
a 
> 
09 Basar ater ase eiemets 
rs) | 2 3 4 5 6 7 ? 
A/ A+B 
Ficeure 6. Plot of V4 Vy» on an arbitra 
fraction of A in monomer VW) and in polyn 


ng “azeotro} - com position \ 


1 2h wt BR 
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search 


X do 


ti 


the 
tv, depending on whether 


tion 


ed, one derives from eq 6 that 





ives for the monomer (\/) represent 
of A/A+ B=2/2z+1, ac- 
The abcissas of 
M in- 


omposition of the copolymer and the 


a function 
he expression above. 
oints on the two lines P and 
of the corresponding monomer resi- 


tively. Figure 6 depicts an “azeo- 
will be noted that here the composi- 
not correspond to an extremum in the 
ch represents a necessary thermodyna- 
for azeotropic boiling mixtures. 
second intersection in figure 6 does not 
ommon composition for polymer and 
The discussion of these curves follows 
both 


n unity, that is, if cross-combinations 


familiar lines. If w and o are 


hever 
critical value ze but approaches zero 


>) IS respectively 


the weight of polymer at a given instant and the 


initial weight of the monomer mixture is given by 


the equation: 


-, (ig = int(t— 3 ah 


Wy 


= “wake 


(S) 


Bb By and 2/2 have the same meaning as in eq 6. 


M, and M, 
monomers, 


With the aid of eq 6, 
obtained 


eliminated and w,/wy as 


The 


is directly given by eq fa. 


resulting up to a given instant equals: 


B 
> 
iy 


l 


“~~ 


"wp dB 


0 dA -dB dw, 


“~~ 


B, 


~~ 


are the molecular weights of the two 
B BR, can 


function of 


instantaneous copolymer composition 
The total composition 


’ () 


1) 


or greater than 


o(*s 


If both reactivity ra- 


sexeeed unity, then the azeotropie composition 





nstantaneous 





willy approached. 


nterest to follow the changes in com- 


m taking place in the course of the copoly- 


tion 


! 


tort 


Figure 7 depicts the relation between 
total 


percentage 


com- 


Such 


and copolymer 


the conversion. 
computed in the following manner. 


the ratio between 


of reaction, that is, 








3 ).4 5 06 0.7 0.8 09 
EXTENT OF CONVERSION 
antaneous nes) and total com position 


as function of the extent of convers on, 


O04: RB, Bog 7 4c, umS,o=yu 0.7 


polymerization 


As is 


obvious, the difference between instantaneous and 


and is again obtained with the aid of eq 6. 


total values increases with time and is more pro- 


nounced for systems with widely different re- 


activily ratios. In case an azeotrope exists, and 
the initial composition has been suitably chosen, 
the changes are slight as shown in curves C and C’, 
On the whole, the total copolymer composition 
does not change very much over a wide range of 
These 


by compensatory addition of 


variations can be eliminated 
the 


species during the course of the polymerization. 


CONnVEPSION., 


more active 


4. Over-all rate of reaction 


It is evident that the calculation of the average 
copolymer composition does not require a knowl- 
edge of the total concentration of free radicals but 
For the 


over-all reaction rate, however, this information is 


merely the ratio of A- and B-type radicals 


required and obtained in the following manner. 


In a steady state and for the simplest case 


of a catalyzed reaction, we can write 


d 
aa* tL. B*) = [C—k,(A,A)A*™ 
2k A, B)A*B*—k,(B,B) B* (0), 
Sb) 
where 
A* Son -s( A) B* Son, B 


Combination of eq 3a, 3b, and 2 then leads to the 
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-d(a+p) /dt 








following eXpression lor the over-all rate of 


copolymerization [26 


2AB+ vB 
BAB++yB 


where 22 


I be pag 2H Beal) be AB 
OLE (AA) ee 6g ben B) F(A, A 


weft A ib, 
' oe Lk ( B (A, 
It should be noted again that in this derivation the 


This 


For it is 


initiation is described by a single constant / 
restricts the generality of this equation 
possibli that the rate of production of the initial 
of the 


veneral case of the reaction 


radicals varies with the composition 


mixture In the most 
scheme deseribed, nine constants altogether would 
be needed to deseribe the process completely 
\s is to be expected under the assumptions made, 
the rate ts proportional to the square root of the 
catalyst concentration, a familiar result) in poly- 
merization kinetics. Equation 2a contains besides 


o and uw, three constants A knowledge of these 


allows a determination of the product 
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No use has as vet been made of thes 
Rate studies on the system stvrene-met 
ery late have been presented by Norrish , 
man [21]. However, they have been 
on the basis of an equation that assumes th 


and s* 


Plots of the rate eq - sf 


centrations c1* to be indepen: 
monomer ratio 
tion of the monomer composition A a 


figure S for a few extreme cases. 


5. Composition, Size, and Intramolecula; 
Sequence Distributions 


Kor the considerations hitherto pres 
hecessary only to know the total con 
and Yn,.(B 


In order to obtain t! 


of radicals Yn,,C1 , regard 
and composition 
tion of polymer sizes and compositions 
consider the mode of production of 
radical chains of specified chain length 
position From the postulated mecha 


we find for the rate of production of thes: 


dn,(A 
dt j i | ly A j 1 Bb ly 
Key (lan 1)—ky a ADB | 
j A, A / al Ln | 
ICA, B)n 1)Sn B 
dn I) > > > . > 
dt h R B Bn B h RB A / 


ken( B)Bn 


Equation $e may be compared with 
sponding eq 3 for the total concentra 
and B-radicals and interpreted in the 

her The positive terms refer to th 
smaller chains to the desired size by 
addition, and the negative ones measu 
of disappearance of the radicals im ¢ 
either further growth or termination 
3e holds for r and s both larger than 


A) 


is governed by the rate of in:tiation 


rate of production of species 1 


the first set of eq se the positive terms : 
by Z,A and in the second one by / 
sponding expressions involving the « 


centration. In a steady state the lef! : 


Cop 
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unish. The following quantities may 


B l 
Bb ou 


\ e noted that e(A) represents the prob- 

ry of formation of an A-Al linkage by propaga- 

| that of a B-B bond. 

: y of occurrence of BA and A-B linkages 

jive to that of A-A and B-B bonds. The 


nm of eq 8e has been shown by Simha and 


vr measures the 


tIs| Sra SOl “i] to be 


2] aye 





(3d) 


on 3d Thay be interpreted in the following 
26): The terms multiplied by J, give the 

unber of possibilities of producing a chain 

cilied composition by initiation through an 
For each combinatory factor in the 

i measure of the number of ways in which 

wssible internal arrangement characterized 
fixed number of AA, BOB, A-B and BoA 
rations may be realized by permutations. 

\ponential factors indicate the probability 
nee of these configurations. The sum- 

nis then carried out over all possible internal 
nts compatible with the condition of 
ng ry l-units and » B-units. It is taken be- 
the extremes of having one long sequence 

followed by one sequence of B-units, 

| the opposite extreme of a checker board 

The J, 


stand for chains initiated by a b- 


, ve nt of these two monomers. 
The meaning of the last equation may 

o by specializing to the case on=1, in 
propagation is independent of the nature of 
crowingend. Equation 3d then reduces to [10] 


:esearcllag Copolymerization 





sf da (rten 
Nrs—=MNys(A)+n,,(B) lta (' r )4 
l 


Ip — 


ken( B r ) J octyrwcay 3e) 


Clearly the first term enumerates all ways of 
obtaining the polymer n,, from a nucleus nyo; the 
second term from a nucleus no. 

From the known radical distribution, eq 3d, we 
obtain the distribution of stable polymer by means 


of the relations 


Combination: 


dNré_2 04 AS n ett 
dt we 

>} 1 B Son | ‘i B 

k,(B, BYSQn Bn. (B 


Disproportionation: 


dNrs 
dt 


4 


n,(A)fk (A, AS Sn (A) +k, (A, BYS Sn 4 (B)) 
Nu, B lh-, hb, B) n 


i Ly 


10) 


Equation 10 determines the instantaneous distri- 
bution of sizes and compositions in a copolymer 
formed from a monomer mixture of a= given 
which, in turn, determines 
If the rate of the 
reaction has been measured, integration then vields 
the total 


instant or degree of conversion. 


composition AA B, 
the values of wd) and w( 2). 


distribution obtained up to a= given 

For the practically important case of long chains 
eq 3d has been simplified by Stoekmayver [28] in 
a manner analogous to that for simple polymers 
[12]. It will that 


(s=(Q). eq Se reduces to 


i i{ aA 
I, I [1 t : Yn 


the result obtained by Herington and Robertson 


be noted for the latter case 


[12] for the distribution of radical lengths. Its 
physical significance is obvious. Since w deviates 
from unity only slightly because of the small con- 
centration of radicals present, w” can, in a good 


approximation, be replaced for large r by « 
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The final result is best expressed in terms of the 
number average chain length \ of radicals, which 
equals the ratio between the rate of reaction and 
the rate of production or destruction) of radicals 
Inserting this value and noting that the total con- 
centration of radicals is obtained from an equa- 
tion analogous to eq 3b, one finds for the fraction 


of radicals of specified size [12] 


To obtain thre corresponding CX PPresslons for copoly- 
SN by / 


Deviations in the composition of a chain from the 


mers we denote the total chain length » 


average Value as given by eq 4a will be measured 


by the quantity 


; dA y 
Ur+s dA4+dB 1? ss 
\s we are concerned with large values of /, the 
sums in-eq Sd may be approximated by integrals 
and the individual terms expressed by means of 
Stirling's formula. Considering that the devia- 
tion from the average composition will not be 
very large in long chains, one can furthermore 
expand the relevant eXpressions tn terms of Y 
The final result may be expressed as a function of / 


and y [2S] 


l\ / / 
wil. y dldy exp ( \ ) ‘ dl ls | 


exp ( 2 ly 


2po(1— p de is 


which gives the weight fraction of radicals with 
dl and 
dy, i- 


polymerization degrees between / and / 
composition deviations between y and y 
respective of whether they terminate in .1- or B- 


units. « is defined by the relation 


: , @A?+2epAB+ pB 
A | by | } | ou | a | » 1B uB 
(13 


It is a measure of the spread of the composition 


distribution. A is again the number average 


degree of polymerization of radicals 
d 
dt 


2k (A,B)A*B*+k(B,B)B®|-, (14) 
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employing the notation of eq 3b and 


the factor in the bracket represents th: tory 
of destruction of radicals which equ th 
of production in the steady state. Thy st { 
the over-all rate of the reaction ean be exp 


as in eq 2a or by corresponding expressions 
other reaction mechanisms. It is assumed 
12 that monomers A and B have equ: 
weights 

The instantaneous size distribution o| 
If termin: 


weight | 


polymer follows from eq 10 


by disproportionation, the 
copolymer in the specified range of 

directly given by eq 12. If a fractio 
radical chains is terminated by combi 
weight fraction is obtained by multiply 


by a factor 


pl 
l pt 2 
Thus in the approximations used to simplify 


and granted the validity of the reaction sel 


and of eq 4, the distribution function consis 
two factors. One characterizes the dist: 
of molecular weights and the other the dist 
tion of molecular composition for a fixed | 
weight. The specific nature of the tern ; 
process affects the former factor, bu 
composition distribution 

Finally, one derives from eq 12 the chau 
distribution irrespective of composition by 
gration over all compositions, 


w l dl we ly dy-dl ( 


Equation {2a has the same form as 
obtained for the instantaneous distribut 
polymers produced by disproportior 
‘The distribution of composition fluctuat 


w(yydy w(lyjdl-dy 


with 
X l/2 
» ( 29 | p ™ ) y 


Plots of the expression (eq 12) as fun: 
reduced variables //X and y are shown 
and 10, respectively, as presented by > 
28}. It will be noted that large valu 





large deviations from the average 


occur primarily in shorter chains, the | 
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l n 
| 2 3 + 
2/2 
/ ne Chain length distribution, eq 12, 
or inclion of reduced chain length Ux 


cod com pos tion deviation n. 


} bution ’ t fol 
i eq ie espred 


neinly the average composition. — Finally, 


om position distribution (eq 2b) is shown in 
for different values of the parameter «. 
wreasing value of x, that is, increasing values 
fora fixed po, the fluctuations in composition 


larger. This is) understandable, since 


is instanee self addition of cl- and B-units 


mes inereasingly preferred. However, it will 
that the deviations from the mean value 
not large Actually it can be derived 
eq 2b that SS percent by weight of the copol- 
s found in the range ly) [2po(1— po)n/Al 
values of A. It 


d be noted again that application of these 


large 


h is small for 


is to. a complete copolymer product requires 






owledge of the complete reaction mechanism 
determines the variation of the parameters A 
vith average composition and conversion, 
quantitative data seem to be available 
tion of various copolymer systems has 
ly indicated the existence of a dispersion in 
composition [13, 17, 27 

cussion of eq Sd has shown what is 
hat even for a fixed composition in a 
n, there are a variety of possible in- 
angements of the species ol and B in 


hi corresponding lo sequences of identieal 
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Ficgtre lO Composition distribution, eq Le, as function o 


the reduced composition deviation 9 for fired values of the 

educed chain length Ur 
units of varving lengths. The frequeney of oc- 
currence of such sequences can be calculated and 
is of interest in connection with questions of struc- 
ture {1,25,31] in copolymers. For sufficiently long 
chains the probabilities 77,04) and 7?,(2B 
A-or B-units produced by propaga- 


of Sst'- 
quences of / 


tion are given by 


wW B r P BR WwW | 


The o's have the same meaning as in eq Sd, namely, 
A-A and B-B 


The validity of eq 15 is then immediately evident 


that of propagation probabilities 


Here the P's are normalized so as to represent 
fractions of the total number of .l- or B-sequences, 
If based on the average concentra- 


is multiplied by dBd.A+dB 


respectis ely 


tion of JA, P, Aa 


wily) 
1 ae 
K = 0.25 
—+— 20 
| 
| 
| 
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Fieure 11 Composition distribution, eq 12b, as function 
ot the composition deviation y from the mean fo fired 
» 
values of x, eq 13, and assuming , 100. 
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If termination is effected by combination, the dis- 
tribution (eq 15) of sequences in the radical chains 
is not strietly identical with that in the stable 


copolymer. Neglecting the effect of termination 


altogether, we simplify the equation for @(.A) and 
w( 3) to 
a.\ ub 
w( sl w( hb 6 
Ate “47D 


If the polymer in question has been obtained for 
instance, by copolymerizing mono and divinvl 
units, eq 15 gives the distribution of chain lengths 


between eross links and a number average chain 


length for a copolymer prepared from a monomer 


mixture containing 2 moles of cross-linking agent. 
IV. Experimental Studies 
1. Determination of Reactivity Ratios 
The first thorough experimental investigation of 
copolymerization reactions has been made by 


Mayo, and Hulse [15, 18], in which the 


parameters o and « were found for several pairs 


Lewis, 
of monomers. As eq 6 cannot be solved readily 
for o and w, the following procedure was adopted 


Equation 6 can be transformed into 


a 1 l— pz 
log ;, log 
B pP l pe ; Ga) 
” log + 1og 24 log '—P? . 
mr mr - ia 
"6 2 ThE Bs | pr 


where 


P l—o 1—p). 


One experimental run gives a set of 2,2) and BB, 
values. Arbitrary values of p are then chosen, 
and the corresponding « is computed using eq 64. 
The value for ¢ is obtained from the expression 
for p. A plot of @ versus uw gives practically a 
straight line. A second run is utilized to get 
another o-u line. The intersection of two or more 
such curves then gives the unique values for o 
and w, satisfying theoretically all runs. In prac- 
tice the intersection of three lines form a triangle, 
the area of which is a measure of the experimental 
errors. On this basis [IS] table 1 and figure 12 
represent, as an example, the best data obtained 
by Mayo and Lewis on the copolymerization of 
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table 1. 


The diffi 


involved in the analysis of a partially polymy 


styrene and methyl methacrylate 


system have been emphasized [14] 
monomers from the polymer has been 
cases open to improvement, 
have been the precipitation of the polym 
suitable combinations of solvents and = va: 
distillation. In general these methods do 


adequately separate the polymers, as show! 


the fact that the results obtained by th 


workers [1S] differed considerably, depending 


the procedure used for the isolation of the poly 
The technique finally developed utilizes th 
tively high vapor pressure of frozen ber 

temperatures near 0° CC. This method, know 
the frozen benzene technique, involves s 


precipitations, after which the polymer is «isso 


in benzene and then the solution quickly 
Subsequently the benzene is sublimed of! 
vacuum. The polymer is then in the forn 
very fine powder, which is easily han 


using such means for the isolation of poly! 
results [15] were produced that are very accu 


for work of this nature. 
Almost all of the monomer pairs so far s! 
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Separate 


The usual techni 





opo 





TABLE I. 





of unreacted monomer 


Reaction 
titte 


nt Original Final 


been those in which one monomer contained 
ferent and easily analyzed element or group. 

w of the availability and the high develop- 

bint of spectrometric and other physical methods 
alysis [9, 16, 19], there is room for techniques 
these methods for the study of copoly meri- 
polymer, it 


Instead of analyzing the 
id be possible to determine directly the com- 
sition of the monomer residue. One could place 
sample of a polymerizing mixture in a high 
im system and remove monomers from poly- 

bur by pumping off volatiles into a large residual 
me or condensing in a liquid air trap. Then 

1 volatiles could be analyzed by either mass, 

net . 


bifrared, or ultraviolet spectrometry, depending 


the nature of the system. An analysis of a 
tively large bulk of residual monomers should 

ss subject to errors due to small amounts of 
nomers trapped in the polymer than an analy- 
sof the polymer itself at low conversion. Such 
edures should be particularly useful in copoly- 
ation studies of isomers or compounds having 


| differences in their elemental analyses. 
oly 2. Summary of Reactivity Ratios 


‘ lable 2 


summarizes the published results on 


omer reactivities found by copolymerizing 


monomers.” It is seen, for in- 


the 
ivl methacrylate, 


OUsS DUIS of 
reaction of and 
the 


to styrene radical occurs half as fast as 


ese ee, that an styrene 


addition of styrene 
Orne 
tion of methyl methacrylate monomer to 


Also methyl methacrylate mono- 


add 
The ical. 
half as fast to a methyl methacrylate 


md R.V. V. Nicholls 


work Was spon 


for placing 


ite K. R. Henery-Logan 


» publication. The ored 


Rubber Reserve 


search ~°Polymerization 


is i2 





Styrene-methyl methacrylate copolyme rization 


! ‘ a my 
P ( 
‘ ins 
SS. ti 
[S3. 4 
0.48 to 0.50 0.48 to ( 
s.74 2 7H. Hl 
a ou 1.11 
; So. US MM. 00 
os ) 76. 53 O48 to 0.52 O48 to O52 
7 Gs. 90 wor | 


radical as does styrene monomer. Furthermore, 


styrene monomer adds to styrene radical twice as 
fast as vinylidene chloride monomer to styrene 
radical. On the other hand, vinylidene chloride 
monomer adds to vinylidene chloride radical ap- 
proximately one seventh as fast as styrene mono- 
mer The estimated degrees of precision are in- 
dicated whenever given by the authors. In the 
case of references [3, 5, 7, 38, 39], the reactivity 
ratios were obtained from plots according to eq 4a 
by fitting the “best” curve. As an example, the 


system styrene-dichlorostyrene investigated — by 
Alfrey, Merz, and Mark [ 5] is shown in figure 15. 
A special case investigated is that wherein one 


of the monomers does not polymerize with itself 
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Plot of instantaneous concentration of dichloro 


Figure 13. 
styrene in polymer vs concentration of dichlorostyrene in 


monomer according to ¢ q 4a and data in [5] 
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36 the assumptions under which the cor posi 


eq 4 has been derived, at least for the » lati, 
32 low degrees of conversion at which it may }y 
: pected to hold. In attempts to conside: off 
28 of composition on the addition rates ‘ Metin. 
have been derived [20] for the case that the pay. 


depend not only on the nature of the radical « 
but also on the preceding unit in the ch: 
effects are small, and their detection would per 
considerable experimental accuracy. 


da/de 


Extensions of eq 4 to three-component syst 
and generalization to n-components [34] hav: 
presented. Analysis of one four-component 
seven three-component systems form, 
styrene, methyl methacrylate, acrylonitri| 
vinylidene chloride indicates agreement 
theory within experimental error. It is assw 
in this comparison that the reactivity ratios | 














) 1 4 1 rhe 1 1 pair 1-P are independent of the medium and e 
.@) 2 6 8 10 12 i4 16 . ‘ 7 
a/e to the ratios obtained in the copolymerizatio 
> 
Ficture 14 Plot of instantaneous mole ratio in polymer vs A and B alon : 
mole ratio in monomer for system styrene-diethyl chloro- Most of the published and analyzed results 


n [5] to bulk systems. In order to make valid com) 


maleate according to data 
; ' er sons for the monomer pairs studied, we shall ; 

but readily enters into copolymerization. Maleic fine the further discussion to the data in tal 
. r discuss » data in table 
P side [9 P S ‘ivatives for a class of . , , . , s 
anhydride [29] and it derivative form a la of Some investigations in emulsion systems hav 
compounds exhibiting such a selectivity. Set- undertaken. For instance, the pairs giver 
ting «=0 in the first eq ‘’ results . a linear footnote 5 and also the styrene-acrylonitril: 
relation. ; An experimenta test on t e synem bination (15] have been analyzed both in bul! 
stvrene-diethyl chloromaleate is shown in figure 
14. The full line o=2.5 is taken as the “best 


value from a consideration of the data when 


inemulsion. In the main no significant differences 


} 
1} 


between the o—w values under the two diffi 


conditions are found. 
plotted on a mole fraction basis. 


The foregoing results substantiate rather well Sue cles Gee Sinceion on cane 008 
TABLE 2 Reactivity ratics o and p for various monomer pairs 
Monomer A e Monomer B mi Conditions 

Seusems 0. 520-4.026 Methyl methacrylate 0. 46040.026 60° C, 0.1 mole % benzoyl peroxide, bulk 

Do ? Methyl acrylate mY 70° CL, O04 mole * benzoyl peroxide, 40 
monomer in toluene 

Deo ; + O7 do Is + .02 “ar C, 0.1 mole ©) benzoyl peroxide, bulk 
Do w+. 10 Methacrylonitrile n+ 06 lo 
Do ~% +.04 Methyl vinyl ketone 6 + .02 do 
Do 11 +. 0S Acrylonitrile i lo 
Do 1 Allyl chloride Os2 70° C, 0.5 mole © benzoyl peroxide, bulk 
1 04 +.0 p-C hloroethyl acrylate Ww 4 1 wr C, 0.1 mok benzoyl peroxide, bulk 
Do 185 +. 05 Vinylidene chloride OSS . O1 do 
Do 200 4.10 do 14+ .05 do 
Do 5+. Vinyl acetate Ol + .O1 do 
Do 17 +3 Vinyl chloride 02 do 
Do +20 Vinyl ethyl ether 0 do 
Do 0.35 +.025  Vinylthiophens 10 + 45 n° C, 0.5 mole © benzoyl peroxide, bulk 
Do 55 +.025 a-Vinylpyriden 1. 135+ .08 do 
Do 23 +.07 Butadiene 148 + 0S “we C,O.1 mok benzoyl! peroxide, bulk 
Do 7S +. 01 do 139 + .08 ar C, 0.1 mok benzoyl peroxide, bulk 
Do iS +. Isoprene 2.05 + .45 we? C, 0.1 mole © benzoyl peroxide, bulk 
Ih 0.0 C hloroprene 6.30 4 th) do 
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1 \ o Monomer B u Conditions Reference 
(43+. 09 Maleic anhydride 0 80° C, benzoyl peroxide, benzene solvent {4 
ail ‘ 2 Diethyl] chloromaleate 0 70° C, 0.4 mole benzoyl peroxide, bulk 
, 0.13 +.01 Monoethy! maleat« Os ol mw C, 0.2 mole benzoy!] peroxide, bulk i! 
s +. W Dimethyl! maleate ( v1 do 4! 
0 Diethyl maleate ( 70° C, 0.4 mole ™ benzoyl peroxide, bulk 
. 6.52 +. 50 do Ow l wo C, 0.1 mok benzoy! peroxide, bulk 2 
0.19 +. 01 Maleonitrilk 0 i C, 0.2 mok benzoy! peroxide, bulk i! 
ey IS +. 10 Monoethyl fumarate 0.25 +0.10 lo {41 
21 +. 02 Dimethy! furmarate 23+ .O do 41 
02 Diethyl fumarate O70 OO7 Ho” C, 0.1 mok benozoy! peroxide, bulk [42 
vsl 3 9 +. 0 Fumaronitrile { ao” C, 0.2 mok benzoyl! peroxide, bulk i] 
‘ If t2 Prichloroet hy lene 01 Oo mw C, 0.1 mok benzoyl peroxide, bulk [40] 
Is +20 Petrachloroet hy lene 0 do 140 
al : trans- Dichloroet hy lene 0 Ho” C, 0.2 mok benzoyl peroxide, bulk [41] 
210 , cis- Dichloroethy lene 0 lo i! 
10 trans- Dichloroethylene 0 68° C, 0.1 weight % benzoyl peroxide, bulk my) 
wT) cis- Dichloroethylene 0 do 4 
i 09  p-Methoxystyrene 0.82 + .07T 60° C,0.1 mole % benzoyl peroxide, bulk 
1 os Ta p- Dimethylamino-st yrene s4 05 do 
- 0.74 +.08 p-C hlorost yrene 1. 025-4 f lo 
Os 6954.02  p-Bromostyren 0.99 + .07 de 
62 O5 p-lodost yrene 1.25 + 0 ke 
it ‘4 On n-C hlorost yrene 1.09 2 
tin 5 +.08 n- Bromost vrene 1. t - 
2% +.025 p-Cyanostryren It 
’ 2 p-Nitrost yrene 11 *) lo 
. a 2.5 Dichlorostyren 0. st 70° C, 0.4 mok benzoyl peroxide, bulk 
' 03  oChlorostyrene 14 07 «60° C, 0.5 mole % benzoyl px ie, bulk 1" 
late “7 10 Methacryvlonitrile it in “°C, 0.1 mole benzoyl per ide, bulk 4 
il 9 14 Acrvlonitrile 0 + 7 mw ¢ 1 mok benzoyl peroxide, bulk l 
- Vinylidene ct j "4 { ke , 
” 7 n VinyLacetate ( al i 4 
Vinyl et k 68° C, 0.2-04 weight benzoyl peroxid s 
\ a 
’ V2 r-\ " 0) St iW wc, ‘ be peroxide, bulk " 
f 9 ( Butadiene | 0 wc, ol ‘ benzoyl per le, bulk j 
: 2 02 Dimethylatr 2 
, j rT 25. p-Methylstyr 14 02 
2 Methylstyret 19 02 
] 02 Chlorost yrene mf) 0 i 
) ” p-Brot ' 4 11 9 j 
( »-lodost 4 oo ") 
1 0 C) st 
is (2 Bromo ‘ 2 1 
22 2 ~Cyar ‘ 4] 
( C} 1 Hor « t Ie e, bu it 
a-Nlett tyre 0.14 ( t 
i 2 I) 9 GR” ¢ 9 { In l ri ( s 
bulk 
Met! ) 9 Cc. ' eroxide, bulk 4 
\ cl “7 Hare ( 204 Ww ‘ ‘ 
\ ‘ { Hr? t ‘ bulk { 
\ ! ‘ ae iow bw 
i ‘ ‘ e.4 t bu } 
\ I Hr? ( 9 iw ! . 
| 
\ t 1 9 ‘ ( I ! k 14 
Vir 4 
2 \ let His is ( t bulk i4 
Diet 1 ") mr ¢ 2 tx | t ” i 
rT" Diet! ! 44 ‘ i 
lrict wt Hae ¢ ! "| pero bulk 
i i Hor ¢ bn ,‘ balk 4 
etracl Hae ¢ 0.2 iw } Ine ~ 
bulk 
s kk ( we Cyt t 1 bu ' 
s ' Dict ase Cyt ' bulk ; 
s Dict "i 
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Reactivity ratios ¢ and w for various monomer pairs Continued 


ns-Dichloroet hy lene 
cis- Dichloroet hy lene 
Methyl vinyl ketone 
Vinvlidene chloride 


Vinyl acetats 


Vinyl chloride 
Butadiene 

Isopreme 
Chioroprene 
letrachloroet hy lene 


Vinylidene chloride 


Diethy! maleat« 


Dioct yl maleate 


Diethyl! fumarate 
Pentene | 
lsobut vlen 


Ethyl! metha 


Butyl met! 
Diethyl furna 


Ally] chloric 


Stilbene 
Allyla 

de 
Methallyl acet 
Methyl aeryl 
p-Methylst yrene 
p-Methoxyst vrene 
p-Nitrost yrene 
Butadiene 
lsoprene 


te 


V. Discussion 


1. Remarks on Effect of Substituents in Organic 
Reactions 


Tables 3 and 4 summarize the experimental 
information in a slightly different way by giving 
the relative reactivities of a series of different 
monomers vs a given radical, e. g., styrene. The 
seale is arbitrarily fixed by setting the reactivity 
of a monomer toward a radical of its own kine 
equal to unity. Values above unity then signify 
a higher activ It than that exhibited by the radical 
in question toward the identical monomer, whereas 
values below unity signify a lower activity. Some 
of the values may be affected by large errors, as 
can be judged by the limits given for the ¢ and u 
values from which they were calculated. 

The interpretation of these results in terms of 
the eleetronie structure and internal geometry of 
radical and monomer is no easy task. However, 


certain qualitative attacks, at least, can be made 
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Condition 


Os6+ 0.01 benzoyl peroxide 
ols4 tah 
benzoyl perox 
0.1 mole ©) benzoyl pero. 

monomer in acetonitril 
‘0.1 mole ©) benzoyl pero 
C,O.1 mol benzoyl peroxic 
do 
do 
C, 0.1 mek benzoyl peroxide, bulk 

Cc, 0240 V ht benzoyl perox 
bulk 


ov peroxide 


“ABLE 3 Relative reactivities of monome 
radical shown in con parison vith Ham 


for the aromatics 


Diethyl n 
Diethyl chloron 
Vinvlidene chloride 
Isoprene 


p-Methoxystyrene 


p-Dimethylaminost 
me 


Methyl acry 


Acrylon 

p-C yvanostyrem 
Butadiene 
Dichlorost yrene 
p-Nitrost yrene 
Maleie anhydride 
Chloroprene 
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nes established in the study of organic 


¢ 
small molecules. That we are dealing 
arge radicals is no objection, since we 
lished within the limits of the system 
at the growth rates are independent 


* SIZ. 


ative eactivitics of various monomers with 


, 
various radicals 


Radical typ 


s perhaps worthwhile to precede the dis- 
4! the subject proper with a cursory and 
ssarily simplified summary of certain results 
concepts regarding organic reactions. We 
to consider the influence certain substituent 
ps such as CH,, Cl, NO), ete., 


omers exert on the electronic configuration La 


in vinvi-type 
“iyacent double bond The presence of such 
ps in a benzene ring leads to a change, as 
mared with benzene, in the rates of further 
tion and affeets also the locus of substi- 
These facts have been known for some 
n classical organic chemistry.” They are 
d by the tendeney of an electrophilic group 
wk the ring at the region of highest (relative) 
density. Furthermore, if the over-all 
s reduced compared to that in benzene, 
of reaetion ts accordingly reduced. 
considering the mechanisms of such distor- 


{ 


f the charge distribution, we shall some- 
arbitrarily separate two factors, inductive 

the sense of Ingold * and resonance 
The former lead to an increase or de- 
the over-all availability of electrons in 
the substituent acting as an electron 
sink. For instance, a methyl group 


Bra 


Copolymerization 


increases the electronic density in the ring and 
thus should increase the rate of substitution by 
an electrophilic agent while a chlorine atom, with 
its strong electron affinity, has the opposite tend- 
ency. Similarly, substituents such as NO,, CN, 
or COOR tend to diminish the electron density 
Analogous effects by such groups are observed in 
addition reactions to double bonds in simple 


olefins. Resonance effects can determine the 


locus of attack. For instance, groups with an 
unshared pair of electrons such as Cl, OH, NHb, 
C,H,, contribute structures to the activated com- 
plex of the substitution reaction (see footnote 7) 
which make the ortho- and para-positions more 


hegative 


while no structure making the meta-position 
negative can be written. The resonance effect of 
NO,, CN, COOR, and similar groups tends to 
leave the meta-position relatively more negative. 
Hence they are meta-directing. These directive 
effects 


In general, ortho-para-directing substituents cause 


persist in addition reactions to olefins. 


addition to proceed in accordance with Markowni- 
koff’s rule, meta-directing ones in opposition to it. 
These directive effects have also been explained 
introducwng notion of 


without explicitly the 


resonance [23]. 

A quantitative measure of changes in electron 
produced by substituents is given by 
They 


are defined as the logarithm of the ratio of the 


density 
Hammett’s o (see footnote 8), constants. 
ionization constant of the meta or para substituted 
benzoic acid to that in the unsubstituted acid. 
A high positive value of Hammett’s o indicates a 
decrease in electron density. The fundamental 
correctness of these concepts may be judged from 
the results of certain calculations regarding the 


charge distribution in substituted benzenes [37]. 


2. Induction and Polarization Effects and Rela- 
tive Reactivities 


Reverting now to the problem posed in the be- 
ginning, it may be seen that several factors ought 
to be considered in attempting to account for the 
relative reactivities obtained and to predict the 
comparative behavior of monomers toward the 
The first ones are the over-all 


same radical 
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availability of electrons and, perhaps to a lesser 
extent, the direction of polarization of the double 
bond. Let us take first the styrene radical as a 
basis for comparison. In the stable monomer, 
the double bond should have a relatively high 
electron density because of the character of the 
phenyl group as an electron donor as evidenced 
by the direction of the dipole moment, which is 
in toluene [45]. It should be 
Hammett’s o for the 
Thus 


opposite to that 
remarked, however, that 
phenyl groups is positive. 


CH.=CH 


It is reasonable to assume that this over-all 
negativity carries over to the radical end of a 


growing vinyl chain [24]: 


One can then expect that, under otherwise equal 


conditions (see below addition to stvrene of a 
monomer in which the inductive effect decreases 
the over-allavailability of electrons in the pertinent 
double bond is favored in comparison with a 
monomer in which it is inereased. It will be 
3 that out of the 


shows the 


noticed, for instance, in table 
three 
aetivily, 


dienes, chloroprene highest 


isoprene the least and butadiene is 


intermediate. 


CH:—C—CH=CH 
CH 


Also from tables 3 and 4 it can be seen that 


acrylonitrile monomer adds preferentially to 
styrene radical and styrene monomer adds pref- 
erentinily to aervlonitrile radical because of the 
opposing effects of the substituent groups. The 


evanide group decreases the electronic density. 


One would similarly expect propylene (0 sh 
low activity with styrene. 


CHy CH 


CHs 
Even allyl chloride has a low reacti 
styrene, as seen in table 3. Contrary to what o 


might expect by analogous reasoning, met} 
methacrylate is slightly more active thay 
acrylate. The difference however, may 
significant. 

The data on the substituted styrenes [3° 
3 provide further support for the viewpoint 
pressed above. They indicate the exist 
correlation between Hammett’s o values for 
respective substituent group and the corresp: 
ing relative reactivities of the substituted sty 


A high 


which is characteristic, as said before, fo: 


monomers With styrene radical 


creased electron availability on othe: 
attached to the ring is accompanied by 
reactivity. A similar arrangement can be 1 
In respect. to the methyl methacrylate rad 
Exceptions are encountered with 
p-OCH,, and p-N(CH 


ities are higher than would correspond 


respect 


styrene. The 


position of the substituent on the o-sea! 
authors [35] point out that these compound 
particularly effective in forming complexes 
conjugated carbonyl systems. Generall) 
complexes can be formed by eleetron trans 
between constituents of the complex [36 
this connection the high selectivity (o and | 
small) of allyl acetate and maleic anhyai 
interest [7] Here there exists a possih 
resonance structures between radical and mo 
which correspond to charge transfer wit! 
activated complex. This possibility appea 
in view of the colors formed by maleic anhivd! 
in mixtures with electron donor-type mole 
such as. stilbene, indene, and styrel 
difference between maleic anhydride an 
none-type inhibitor would be a matter o 
and depend on the extent of resonance s 
tion of the new radical formed. Inhi! 
then effected by the removal of the stab! 
through some further side reaction. 

The direction and extent of polarizatio 


double bond can be of Importance in 
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etivity A monomer such as the one 


ul to react with a styrene radical by 

id to head, which would bring into play 

ce by the group .X, resulting in decreased 
compared to the case: 


Ys 
! ( 


Cl Ha 


x7 


» @ ° 
of the structures in 


see footnote 8) suggests that the phenyl 


ration resonance 


should be o-p-directing and = therefore 
the double bond in the direction indicated 

the first of the above formulas. 
relative stabilities of the radical ends are a 
factor governing the propagation rates. 
stvrene radical is relatively stable because of 
ce through the benzene ring. In consider- 
two reactions, the one producing the more 


radical end will be favored. Thus in com- 
nvl acetate with methyl acrvlate mono- 
latter will exhibit the greater activity 
ol conjugation The inductive effects 
approximately equal in magnitude for 
two isomers Resonance ino the stvrene 


would be 


racical 


more important than in’ the 
The value for the acrvlate mono- 
evertheless slightly larger than unity, prob- 
mse of the direction of the inductive 
from the double bond. One might ex- 
formation of acrvlonitrile radical to be 
favored by the resonance effect From 
nt of view all dienes should) represent 
cases 

We have been using for the purpose of illustra- 
most exclusively the stvrene radical because 
wealth of data available. The concepts 
are in fair agreement with experimental 

is obtained on other radicals. In the case 
chloride, the radical 


adene resonance 


on ean play no significant role. The 
roups make the monomer positive in the 
ously discussed, Therefore, it shows a 
tv, with styrene monomer and a lesser 
ethyl methacrylate which would not be 

polarized because of the Opposing 
the methyl and methyl substituted 
roups. With the more positively polar- 


opolymerization 


ized acrylonitrile, the activity is still further 


reduced. For the same reasons, a similar order of 
activities is obtained, at least in a qualitative way, 
for acrylonitrile radical and methyl methacrylate 
radical with the same monomers. The electro- 
static effects of groups on diene radicals should be 
less important than in their monomers, because 
the effects would be most important on the double 
bond, and the group is always one or more bond 
distances away from the activated end in the 
1,4-addition. The double bond itself 
should act as an electron source. Actually the 
few data available could be interpreted by assum- 


ease of 


ing that the diene radicals are somewhat negative 
regardless of the character of the substituent. 
However, the values for acrylonitrile relative to 
the dienes do not appear to fit this picture. 

The mass of data given can be summarized in 
terms of constants that refer to pairs of radicals 
and monomers (see table 2 It would be desir- 
able indeed to obtain constants characteristic for 
each monomer as such. This would in principle 


allow the prediction of reactivity ratios. The 
complete realization of such a program seems 
remote in view of the many factors involved and 


the probable existence of coupling effects. 


3. Semiempirical relationships 


The preceding discussion makes it evident that 


the polarity of radical and monomer and_ the 
relative stabilities of the radicals are the most im- 
portant factors to be considered. An attempt to 
find a set of characteristic numbers in terms of 
these two effects has been recently made by 
Alfrey and Price [6] 


various influences are separable and can be repre- 


It is suggested that the 


sented in the following way: 


kon( A P .Qperp €4€R), 


where ky,(.1) is the rate of addition of monomer 5 


to radical .1. 2, is characteristic for the radical. 
The e’s are a measure of the effective charge on the 
end of the radieal taken to be identieal with the 
charge on the double bond of monomer A and on 
the double 


WJ, represents a mean reactivity of monomer 2B 


bond of monomer #, respectively. 
obtained by forming the geometric mean of the 
reactivities of B with a series of radicals A, 2B, 

_and then assigning to one monomer a refer- 
ence value of unity. This equation implies that 


the free energy of activation for the propagation 
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step is additive in respect to the above-named given in table 5. We modify the two eq 17 ani Hh, 


effects. In comparing the behavior of monomers 18 by replacing the first factors e, and ¢, by ¢* 
Aand B toward radical AA, Ps cancels out and one and e*, and one factor (@€,—e,g) in eq Is 
obtains for the ratios (e*,—e*,), respectively. The star refers to 4) 


radical. The result of these calculations 3 Sum. 


- Reals WA erp €4(€4—ep)] marized in table 6. The differences in sig 
Ken(sl) Qn ” tween the e-values are in the expected directio 
ken RB Qn (14) All e*-numbers are negative, the one fo: hlor 
w=) (B Ql €n(€n—ea)] prene being the least. The few data available { 
an independent check are rather well reprody 
ou—erp| €4—€p)*]. (18) by using table 6. it can be seen from eq {7 4) 
a large value of the ratio @,/Q, for a set of . 
By the use of these equations, a set of relative Q- corresponds to large values of ¢ and small values 1 
and ¢-values can be derived from the experimental of uz. Thus monomers with great disparity it 
results. They are presented in table 5 for some ()’s, will copolymerize poorly. Large difl 
typical vinyl monomers. The result for the in the e’s, of course, lead to good copolyn 
polarities is in general agreement with the point tion. 
of view discussed before, styrene being the most Taste 6. Q, ¢, and e* for dienes 
negative and acry lonitrile the most positive of the # 
four. The order of the Q's show a parallelism to alia e 
the stabilities expected on the basis of the possible 
resonance structures for the radicals previously Chloroprene 
mentioned. Furthermore, the set of values is cn : we 
self-consistent in as much as they give o's and y’s 
that are in agreement with the experimental data 
on all combinations of these four monomers. 4. Steric Effects 


In considering the copolymerization o 


nn ee pounds such as stilbene, indene, maleic antiva 
i the maleates, and the fumarates, another fa 
becomes important, namely steric hind: 
nweens ha ;' For example, the symmetrical substitutio 
Methyl methaeryla a another phenyl group in styrene leads to a « 
- ; a ! pound, stilbene, which does not polyny 
Maleic anhydride and other symmetrical isi) 
stituted ethylene derivatives polymeriz 
Some difficulties arise if one attempts to fit the difficulty, if at all. However, stilbene and 0 
other olefins studied into the framework repre- anhydride form copolymers. The hindran 
sented by table 5. The @Q-values are not always such a case should still be great but is appar 
consistent with the interpretation given to them overcome by the influence of polarity effects 
and neither are the polarities. No satisfactory the pertinent double bond ean be expect 
results are obtained by applying eq 17 and 18 to positive in maleic anhydride and nega 
the data on dienes obtained by Henery-Logan stilbene 
and Nicholls (see footnote 5). In deriving these A striking example of steric hindran: 
results the equality of effective charges for mono- vided by the comparison of maleic anh 
mer and radical is assumed. As mentioned previ- diethyl chloromaleate, and diethyl maleate 4 \ 
ously, it seems to us that in the case of dienes a The reactivities with styrene radical are res 
differentiation ought to be made particularly when tively 24, 0.4, and 0.2. There differences ping 
the inductive effeet of a substituent acts to de- been ascribed to the opening of the 
erease the electron availability [32]. On this ring [24]. Diethyl fumarate has a rea: 
basis one can evaluate the pertinent data in con- 2.5 toward styrene monomer [24]. The > ) 
junction with the values for the vinyl compounds over that of its cis-isomer can be underst« ' 
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pect resonance 


geometry of the two molecules, if the 
structures of maleates and 
ra are considered. 
"he ceding discussion dealt entirely with 
tive rates of propagation in copolymerization, 
h are the ones determining average composi- 
Differences between monomers are, of 
rs he expected in respect to the other steps 
unreaction. In considering for instance, 
rate of peroxide induced initiation, the polari- 


of monomer and catalyst radical and the 


shilities of the radicals formed are of importance. 


would expect the phenyl and the benzoyl 


cals to be negative. It is not possible to 


mpare directly the rates of initiation in two 


ry systems, since the rate of decomposition 


the pe roxide depends markedly on the medium 


uw 


This can be minimized by using dilute 
tions of the monomers in an identical solvent. 
rves ho purpose to discuss in any vreater 


possible effects of monomer structure on the 
ve rates of elementary acts other than propa- 
until a complete kinetic analysis of the 
ivmerization of at least some typical pairs 


wen obtained. 


Effect of Intramolecular Arrangement on 
Degradation 


le whole discussion has hitherto referred to the 


ig up of copolymer chains. It is of interest 


msider also the reverse process. It is not our 
wse here to discuss in detail thermal decom- 
tion of polymers. We merely wish to point out 
ly the relationship between the structure of 
opolymer as considered previously and the 
ts to be expected In its degradation. Studies 
thermal decomposition of various copolymers 
shown that in many cases the vield of mon- 
than what would be 


much lower 


ted from the number of monomer units known 


s are 


i the polymer and the behavior of the simple 


er > 
> 


GR S is much less than the corresponding 


For example, the vield of stvrene 


of styrene from polystyrene. 
suming that the effect of side reactions on the 
civen remains constant in 


: i simple polymer to copolymer depoly- 
ations, the pyrolysis vield of certain types of 
omers obtained from a copolymer of given 
sition may be calculated. Let A represent 


of the mono or asymmetrical disubsti- 


(polymerization 


tuted ethylene type (CH,CXY) with head-to-tail 
arrangement in the simple chain and in the 
copolymer, and B monomers of the diene of sym- 
metrically disubstituted ethylene types. In com- 
paring the expected yield of A from a copolymer 
with the corresponding one from a pure polymer 
A, we proceed in the following manner. Con- 
sider a sequence of 7 A-units, which in the case 
There 


2; possibilities of producing a split, 2/—1 


of the eopolymer is bounded by B units. 
are 
in the interior and 2's at the boundaries, where 
the factor 's is included to avoid twofold count- 
ing of the bonds joining the sequence to the rest 
of the splits produce 
monomer <1. 
of a sequence of length / is denoted by P(A) (eq 


chain. 2/—1 of these 


If the probability of occurrence 


15), the vield Y, of A from the copolymer becomes 


equal to: 
. ‘ , 2i—1 
) Fam P (. 


é 


1), (19) 


9; 
where )) denotes the expected vield of monomer 
from the pure polymer A. In deriving eq 19, it has 
been assumed that splitting occurs at random and 
independent of the nature of the adjacent units in 
the chain. One 
would expect large positive deviations from the 


Also recombination is excluded. 


calculated vields to be an indication of head-to- 
head and tail-to-tail structures in the polymer. 
For in such a case, the effect of the sequence 


boundaries considered in eq 19 is absent. In 
practice, the number of such configurations ts 
obscured by other factors. 


usually small and 


Using the expressions (eq 15 ard 16), we finally 
obtain from eq 19: 


ye ll B B 
rs ik recA" a4 a | (19a) 


Since the composition of the copolymer can be 
determined from eq 4a, the thermal decomposi- 
the 


shown in 


tion vield can be plotted against instan- 


taneous polymer composition as lig- 


ure 15 for the stvrene-butadiene system using 
For certain co- 


the 


the pertinent values of o and x. 


polymers, such as the poly butenes, where 


monomers are isomers or otherwise similar, this 


mav be a useful tool for the development of a 
pyrolytic analytical technique, particularly since 
most monomers can be determined spectrometri- 
cally, while the copolymers cannot always be 
analyzed. The full application of this technique 
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Fieure 15 Theoretica yield of styrene from bhutadiene- 
styrene copolymer as Junction of instantancous polymer 
com positior 
A, Experimental for GR-S 


will require precise control of ps roly sis conditions 
and highly refined analytical methods. At present, 
the above concepts will account for some of the 
results found in the depolymerization of co- 
polymers. 


6. Conclusion 


In conclusion, the obvious main lines for further 
work may be sketched. Kinetic studies on copoly- 
mers are few and willhave to be extended to include 
over-all rates, and at least in some typical cases, 
determinations of the individual rate constants of 
the chain reaction. It will be further interesting 
to see whether the observed reactivity ratios can 
be related to the structure of the monomer through 
other constants characteristic of the same. Con- 
sideration of dipole moments, polarizabilities, and 
ionization potentials may offer some clues. — Indi- 
cations as to steric influences in the copolymer 
chain may be gained by a comparison of the heats 
of reaction of the pure and mixed species.? The 
preceding discussion dealt primarily with the mecha- 
nism of formation and the resulting structure of the 
copolymer, Apart from the work on GR-S, no 
systematic studies of the relation between these 
factors and the thermodynamic [26] and = rate 
properties of copolymer solutions seem to have 


been undertaken Some physical properties ol 








certain copolymers besides synthetic ruly\sers 
been systematically investigated.'° 


VI. References 


[1] T. Alfrey and G. Goldfinger, J. Chem. P 1?, 
1944). : 

[2] T. Alfrey and G. Goldfinger, J. Chem. P 12, 39 
1944); 14, 115 (1946). [ 

[3] T. Alfrey and J. G. Harrison, J. Am. Chy Soc. 6 


299 (1946 


[41 T. Alfrey and E. Lavin, J. 

1945). 
[5] T. Alfrey, E. 
37 (1946). 


Am. Chem. Soc. 67, 2 


Merz, and H. Mark, J. Polymer sc) 4 


[6] T. Alfrey and C. C. Price, J. Polymer Sci, 2, 
1947). 
i7] P. D. Bartlett and K. Nozaki, J. Am. ¢ Soc. 


1485 (1946 
[8] R. F. Bover, J. Phys. and Colloid Chem. 51, 80 


[9] R. F. Bover, R. S. Spencer, and R. M. W 
Polymer Sei. 1, 249 (1946 

{10] H. Branson and R. Simha, J. Chem. P! 11, 24 
1943). 


[11] P. J. Flory, J. Am. Chem. Soe. 61, 3334 (1939 
{12] Kk. F. G. Herington and A. Robertson, 1 

Soc. 38, 490 (1942). 

Jenckel, Zeits. f. physik. Chem. 190A, 24 
Mavo, Ind. Eng. ( 


ra I 


[13] EB. 
[14] F. M. Lewis and F. R 
Anal. Ed., 17, 134 (1945 


[15] F. M. Lewis, F. R. Mayo, and W. F. H 
Chem. Soc. 67, 1701 (1945). 

[16] I. Madorsky and L. A. Wood, work spor 
Office of Rubber Reserve. 


[17] C. S. Marvel, G. D. Jones, T. W. Mast 
Schertz, J. Am. Chem. Soc. 64, 2356 (1942 
[18] F. R. Mayo and F. M. Lewis, J. Am. ¢ : 


66, 1594 (1944). 
119] E. J. Meehan, J. Polymer Sei. 1, 175 (194 
[20] E. Merz, T. Alfrey, and G. Goldfinger 
Sci. 1, 75 (1946). 
{[21] R. G. W. Norrish and E. 1 
Soe. London [A] 171, 147 (1939 

[22] K. Nozaki and P. D. Bartlett, J. Am. Chi Soc. 6 
1686 (1946 

[23] C. C. Price, 29, 37 (1941); R 
earbon-carbon double bonds (Inters¢ 
lishers, Ine., New York, N. Y., 1946 


Brook Tit 


Chem. Rev. 


[24] C. C. Price, J. Polymer Sei. 1, 83 (1946 

[25] R. Simha, J. Am. Chem. Soe. 63, 1479 (19 

[26] R. Simha and H. Branson, J. Chem. P 12, 
1044 

{27] H. Staudinger and J. Schneiders, J. A Al, 
1939 


[28] W. H. Stockmavyer, J. Chem. Phys. 18, 1° 
[29] T. Wagner-Jauregg, Ber. 63, 3213 (1930 


See, for instance, W. O. Baker, in Advaneir ! 
nhold Publishing Corp., New Y k 


Opo] 


Journal of Resear 





| Vall, J. Am. Chem. Soe. 62, 803 (1940); 63, 11! F. M. Lewis and F. R. Mayo, J. Am. Chem. Soe. 70, 
1533 (1948 


s 941 
| ill, J. Am. Chem. Soe. 66, 2050 (1944 42) F. M. Lewis, C. Walling, W. Cummings, E. R. Briggs. 
a ill, J. Polymer Sei. 2, 542 (1947 and F. R. Mavo, J. Am. Chem. Soc. 70, 1519 (1948 
| Vall, J. Research NBS 41, 315 (1948) RP 1928. 13] I. M. Lewis, C. Walling, W. Cummings. E. R Briggs, 
cy g and EF. R. Briggs, J. Am. Chem. Soc. 67, and k. J. Weniseh, J. Am. Chem. Soe. 70, 1527 
12,2 774 (1945). 1948). 
Walling, E. R. Briggs, K. B. Wolfstirn, and F. R 44) F. R. Mayo, C. Walling, F. M. Lewis, and W. F. 
12, 32 | J. Am. Chem. Soe. 70, 1537 (1948 Hulse, J. Am. Chem. Soe. 70, 1523 194s) 
\\ J. Chem. Soe. (London), 245 (1942 15) M. M. Otto and H. H. Wenzke, J. Am. Chem. Soc 
Soe. 6 "~T R d H. Eyring, J. Chem. Phys. 8, 433 (1940 67, 294 (1935 
T. Alfrey, J. Bohner, H. Haas, and H [46] ©. Walling, FE. R. Briggs, K. B. Wolfstirn, J. Am. 
67,2 \\ sler, J. Polymer Sei. 3, 157 (1948 Chem. Soc. 70, 1543 (1948 
ey and 3S. Greenberg, J. Polymer Sei. 3, 297 
Self 
W. Doak, J. Am. Chem. Soe. 70, 1525 (1948 WaAsHINGTON, November 25, 1947. 
” 
Soc. 6 
\ 
il, 
. bh 
1?. 
fi, 


543 


sear poly merization 





